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PREFACE TO TEACHERS

1

This text bas been written for the students 1n Grade 7 whose
mathematical talent is underdeveloped. The subject matter pre-
sented 1s essentially that which appears in the School Mathematics
Study Group text: "Mathematics for Junior High School"”, Volume 1.

“This 1s part of the body of mathematics which members of the

- Study Group believe is important for all educated citizens. It
"1is also the mathematics which is important for the pre-college
" student as he prepares for advanced work in the fileld of mathe-
‘matics and related subjects.

Within the group for which this material is intended there
may be a large number of college capable students whose mathema-
" tical talent as yet has not been discovered. There may be others
who heretofore have been insufficiently challenged. This text 1is
not offered as approprilate content for the very slow non-college-
bound student. ,

A number of guildes were followed 1in preparing these materials,
among which are the following: i .

- to adjust the reading level downward;

- to shorten the chapters and to provide varliation from
chapter to chapter in terms cf content;

- to shorten sections within each chapter;

- to introduce new concepts through the use of concrete
examples; :

- to provide numerous 1llustrative examples;

- to include simple drill material in many of the problem
sets; -

- to provide chapter summarles, chapter reviews, and cumula-
tive sets of problems. :

The mathematics which appears in this text 1s not of the
type normally called "business" or "vocational" mathematics, nor
is it intended to serve as the content for a terminal course.
Rather, as the title clearly states, this 1s an introduction to
secondary school mathematics which willl provide the student wilth
many of the basic concepts necessary for further study.

It 1s the hope of the panel that this material will serve to
awaken the interest of a large group of students who have abllity
in mathematics which has not yet been recognized. It 1s hoped
also that an understanding of fundamental concepts can be built
for those whose progress in mathematics has been blocked or
hampered through rote learning or through an inappropriate
curriculum.

The teacher should keep in mind that this 1is an’experimental
text which,1® being used to test the hypothesis that material of
this tQpe car be taught to young people of the ability level
previously described. Consequently the development  should follow
the text closely in terms of content as well as methodology 1n.
order that a fair evaluation of the material may be made. ’

LA TN
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The material 1n this text is presented in a manner different
from the usual text at this level, and as previously indicated,
1s written for a particular type of student. For these reasons
some general suggestlons for 1ts use are offered below.

Reading. Thils text 1s written with the expectation that it can
and will be read by the student. Many students are not accustomed
to reading a mathematics book so it will be necessary to assist
them 1n learning how to make the most effective use of this text.

Experlence has shown that it 1s most productive for the
teacher to read with the class during the early part of the course.
The teacher may read aloud while the students read silently.
Later the teacher may start the reading with the class and then
encourage them to continue the reading alone. This 1s not recom-
mended as a method of teaching reading as such, but rather as a
.method of helping the stuflent discover that he can read a mathe-
matics book.

There will be times when the student will need to reread the
same passages several times. The teacher should suggest this,
and make time availlable for it.

The students of the ébility level for which this text was .
written may not be able to read long passages with understanding,
Some students may be able to read only a sentence or two at a
time in the beginning. Consequently, 1t 1s important that the
teacher stop often for class discussion.

It may prove helpful if students are asked to state, in their’
own words, the ldeas which they have read; but the teacher should
remember that some puplls may understand even though they cannet
verballze. T

It must be observed that the teacher's objective 1s to convey
to the students the 1deas contained in the material. He cannot
permlt reading retardation to inhibit or to undermine studant
interest. in the content. The mathematics teacher cannot overcome
serious pupll retardation in reading, but he can contribute to
reading skill by pointing cut to the student the need for reread-
ing and giving careful consideration to the materia). The use
of a pencil and paper to draw dlagrams and illustrate ideas should
be encouraged. ’ ’
Preglsion of Language. 1Ideally, pupils should be encouraged to-
express themselves accurately. Some puplls, however, have limited
vocabulary resources. It.1s!wise to encourage them to express
. themselves 1in their own words, meager as their contributions may
be. The pupil's inadequate expression may then be refined by the
teacher so that 1t 1s mathematically preclise. The teacher must
also recognize that extreme insistence upon precise formulation
may interfere with thought patterns and act as a barrier to
free expression.
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Discussion,Questions. Periodically the text provides discussion
questions -which are useful in helping to strengthen or emphasize
baslic corgepts and understandings. These are especlally useful
in develdping ldeas in sections of the text where straight reading
may be.difficult. Therefore, where class discussion exerclses
are provided, they should be treated orally within the class

T perlod ard not omitted. S

Discovery Approach. A student usually gains a better understanding
of a concept 1T he "discovers" the concept himself. The teacher
must set the stage for the discovery approach. No textbook can

do this because the text must give the student correct information
to which he can refer and by which he can check his own 1deas.
Therefore, the approach will not be effective unless the pupil is
encouraged to work through the development before he reads in the
text the 1dea he was to "discover". ’

Students with limited ability should be given the opportunity
to "discover" very simple ideas. ‘For instance, in Section 2-2,
the student could be given 23 obJects, or a paper with 23
ungrouped marks, and be asked to collect these in groups of 10.
He could repeat this with other collections of objJects. Thus he
will "discover" that the objects are to be arranged in groups of
10 in order to write the correct numeral in the base 10.

. It is important. for these students to have many experiences
with an 1dea in order to develop meaning. In all cases the
teacher will need to clarify the idea which the student has dis-
covered and assist him in finding "his" idea in the text in

correct matnematical language.

Exercises. The text has an ample supply of exercises. They are
graded in most sections so that the most difficult are at the end.
Some of the exercise lists, however, are developmental in nature
and need to be treated sequentially. e teacher should be very
cautious about making any omissions in|such lists.. In other lists
the teacher may find it desirable %o owit selected items.

Assiggments. Assignments for tnils grth should be c¢i1ite definite
and should normally concern only material which has veen dlscussed
in class fo that the student may enjoy some measure of success in
the preparation of it. Exercises whilch demand deeper vision, a
higher degree of'abstraction, or a preview into new material
should be called "extra credit", or given some such notation, so
that the student with below-average abllity may omit this part of
the assignment without any feeling of failure or frustration.

Testing. Students of the ability for which this text 1s written
. need. to have short tests at frequent intervals--possibly one a

week. These Tests, like the assignments, should be flexible.

. The major portion of the test should cover material actually dis-
cussed in class with a few exercises for the more capable students
included at the end. If the slower learning students are not
given some test questions which’ they can answer correctly, they

.may lose interest in fhe course and the opportunity to improve
their mathematical background will be lost. They must be permitted
to enjoy some measure of suﬁceSS.

17




Since the intent of this book i1s to emphasize grasp of ideas
rather than memorization, the testing program should be geared
accordingly. The teacher should be generous in accepting expres-
slons of 1deas in the students' own words.

Extent of Course. The number of chapters studied will depend upon

the class situafion, the length of the class period, and the
length of the school year.

Content. The title of the book indicates that the content provides

an introduction to secondary school mathematics. Throughout the

course emphasis 1s placed upon mathematics as a method of reasoning
The structure of our decimal numeration system is examined and.
then the counting numbers, whole numbers, rational numbers, and
negative numbers are successively introduced.

The basic properties (field axioms) are intuitively developed
as the successive sets of numbers are studied. The familiar com-
putational procedures are shown to be legitimate because of the

properties of the number system and the operations employed..

The number line and the idea of presenting numbers as points
on a line provide the basis for all graphing and for analytical
geometry. The number line provides the motivation for order
relations between numbers and for the invention of real numbers.

Procedures fof.computing with decimal fractions are rational-
ized and percent is taught by means of proportion. Measurement
is carefully developed, based on properties of continucus quan-
tities. { - :

The main L "pose of the geometry included in this text is to
present intultively the concepts of point, line, and plane and to
reach agreement by inductlve reasoning that certailn statements
concerning these conc#pts appear to be true. Some of these state-
ments will appear in the formal geometry course as axioms. Others
will be proved as theorems. A second purpose of the geometry in
this book is to present an introduction to the process of deduc-

tive reasoning in geometry. ‘ ‘

-

Summary. We hope that by introducing the pupil to simple number

theory, the development of the real number system, aspects of
non-metric geometry, and the notions of ratio and proportion, in
a :carefully paced fashion which\mékes full use of a developmental

.approach, we shall be successful in attracting and retaining

increased numbers of pupils for continued study of mathematics,

We hope that appropriate mathematics, suitably taught, will awaken
interest in pupils whose progress in traditional courses seemed
hopeless., The discovery and nurture of heretofore unidentified
capacity for learning mathematics 1s one of the maln purposes of

this book. - \

\
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Chapter 1
WHAT IS MATHEMATICS?

General Remarks

This Ehapter is intended to give the pupil an appreciation
of the importance of mathematics. Its objectives are:

I. To develop an understanding of what mathematics 1s;
to dispel the notion that mathematics consists solely

of computation. |
To develop an appreciation of the role of mathematics

-
b=t

‘ 1n our culture.
III. To motivate pupils by pointing out the need for
mathematicians and for mathematically trained people.

Since thiS,Ehapter is much different from ordinary textbook
neterial, it will need a different treatment. The purpose of
the chapter is not to teach many facts or skills, but rather
to build an enthusiasm for the study of méthematics. Good
attitudes willl be built if you use imagination and enthusiasm in
getting these objectives across to the pupils.

It 15 expeécted that from five to six lessons will be suffi-
cient for this chapter. Certainly no more than six QEXE should
be devoted to 1it.

It might be worthwhile to have the pupils read this chapter
again at the end of the year. The problems -mignt also be solved
again. They should be muci easié: to solve after the course has

been completed.
Encourage the more able students to solve the btrailnbusters

but be ready to help them if they have difficulties. Most pupils
will want to puzzle over tne bréinbusters for g'few days. For
this reason, only individual help is suggested until the time
seems appropriate for general class discussion.

‘FPor the average and slower students, thls chapter might
present some real challenge. They will have to be led '

N\
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frequéntly to divzover the solutions themselves. They should not
be "given” the sclutions, but enough hints should be given at the
appropriate times that they will feel some degree of success at
the beginning of their seventh grade course. These problems
should be chalienging, but also fun for the students. This is

not é_chapter to be tested.

1-1. Mathematics as a Method of Reasoning.

A class discussion might center around what the students
thirk mathema*ics 1s. This could lead very well into Section 1-2
on” Mathematical Reasoning.

1-2. Kathematical Reasoning.

It might provide an addi%ional challenge to emphagize to the
pupilé that Exercises 1-2a and particularly 1-2b are not easy.
Moreover, no simple formula for solution can be given. Some of
the pupils (and many parentsl!) will certainly find the problems
'in 1-2b difficult and time-consuming at this stage.l You may not
wish to assign all the problems in this section.

Although there 18 no section on deductive reasoning, it is
important to understand the distinction between inductive and
deductive reasoning, and their applications to mathematics.

The experimental scientist arrives at a conjecture after
a number of observatiocns or trials in the laboratory. Further
experimentation is used to prove or disprove the validity of
thic conJecture. This is inductive reasoning, *

The mathematician might also zrrive at a conJecture ty
inductive reasonin~. But he cannot prove tﬁe mathematical
statement by experimenfation. Knowing that a statement is truq
in a cevrtain number of cases does not prove it true for all'césés.

*Inductive reasoning should not be confused with mathematical
Induction which is a valid means of proof and depends upon a
property of the counting numbers. See Haag, Vincent H., Studies
in Mathematics, Vol. III: "Structure of Elementary Algebra".

V.

13



pages 1-2: 1-2

A sihgle case that contradicts the conjecture disproves it. The
proof must depend on deductive reasoning; that is, it must be
a statement Wh;ch follows'logically from a set of other state-

"ments which haie been proved true or which are assumed true.

~

Deductive reasoning is the "i{f-then'~type of reasoning that
mathematicians employ. -

Answers to Questions in 1-2.

Yes, there can be empty ..xes. If any pupils are born in

“;.pheusame month, there will be at least two slips 1n the same box

N

“and then at. least one box will be empty. If all 12 pupils

are born in tne same month, then one box will have 12 slips
and the other eleven will be empty. If all 12 puplls ade born
in different months, then each box will have exactly one slip in

1t. :
When the 13th pupll places his slip, one box will have two

slips. This idea 1s known as the pigeon-hole principle and is

uged as the basls for many mathematical proofs.

" Answers to Exercises 1-2a

Since these are to be used for class discussion, plan
simple demonstrations to illustrate them. The birthday illus-
tration in the text may serve as & model for these problems.

e.g., One of the students

% % % % o | w1511 get this Sth pencil.
AR

2. Illustrate possibilities.as in the birthday probleh discus-
sion. Ask, "Is it possible for one or more students to
receive only one pencil?" Then illustrate the case with two
pencils for each student. -Discuss what happens. to the 13th
and 14th pencils.

1.

bt
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pages 3-U: 1—2

3. a. 8

b. 15
c. (a) If there are 7 movie houses in a town, then 8
- is the smallest number of people that would be

’ required to go to the movies to be sure that at
' - least 2 people see thé same show.

(b) If there are 7 movie houses in a town, then 15
is the smallest number of people who must go to
the movies to be sure that at least 3 people see
the same show.

. Exercises 1-2b which follow are usually difficult for the
students, but if the¥y are not pushed into finding a solution
quickly, they should enjoy them. The problem involving the

wolf, goat and the cabbage should be discussed thoroughly in
class, so the students will see the pattern of the problem.

There are many problems of this sort. In this particular one,
the goat 1s the key to«the solution, since he is the only one
who canriot be left unguarded with either the wolf or the cabbage.
In the class discussion, the class might be asked if there might -
be another solution. Actually, the wolf and cabbage can be
interchanged in the solution.

Answers to Exercises 1-2b

1. 11 steps. With the first three steps (two forward and one
_ ‘backward) she progresses one ‘space ahead.’ She does this 3
' times' (9 steps) and is at that time 3 spaces ahead. Two
more steps and she is in the pool. ’

Stand o ' - How many steps
| A I | D | D | a®| @
- here : to arrive here?
Step 1 Step 2.
Step 3

- . Step 4 {. Step 5

- Step 6
‘ Step 7 Step 8
Step 9
. Stepl0 Step 11

”Jlfiu .




2 men B _ j 2 bog? -(A) Two boys go over.
. - .

.2men | 1 boy - 1 boy -(B) One boy comes back.

e EE . N
N
1 man . '
1 boy. ‘ 1 man, - | 1 boy -(C) One man goes. over.
1 man .
1 boy . |.xi_boj 1 man -(D) The other boy

comes back

. ‘1 man | boyy | 1 man |%(E) Steps A-D are
i IR . ‘ repeated in order
to bring over th
— other ‘man ‘
1 man 1 boy ' 1 man
_ ) ) 1 boy g
1 boy | 1 man % gig

1 boy 1 boy 2 men

2 boys 2 men




5 AB DEF --Step 1: Boat C enters. bay G.
f l C. l

|AB DEF --Step 2: Boats DEF pass G.

:

i - |AB DEF c '~ --Step 3: Boat C goes on its way.

i

L . AB DEF C ~-Step 4: Boat DEF returns to
i ' ' . ~original side of G. .
A DEF ¢ --Step 5-0: The same operation

. . (Steps 1-4) is

‘ | B ! _ . repeated for Boat B,
. , _ and then for Boat A.

A DEF BC
'DEF BC

DEF BC

ABC




pages.4-5:'L-2 | ) .

4, Two sons cross; one returns. Father crosses; other son
returns. Two sons cross. '

- 5. Man takes goose and returns alone. He takes fox and returns
with goose. He takes corn across river and returns alone
to pick up goose. (Does the class see that this one 1is
“identical 1in structure to the illustrative problem?)

“The following problems will be done by the class by trial-and-
' error, probably. The explanations of these are of interest to
téachers, however, since these are solutions of Diophantine

equations. (The idea in Diophantine equations is to find
integer solutions.) These three problems are given in order
of increasing difficulty. The algebraic discussion 1s for the
teacher, not the pupil. ' ' :

6. Yes. This depends on the fact that 8x + 5y = 3 has
' solutions ln integers. .One solution is, x =1, y = -1.
This means Ehat if you fill the 8 gallon Jug once and pour
1t into ﬁhe 5 gailqp Jug Just oncé, you will have 3 /
gallons left in the 8 galldn Jug.

7., Yes., This depends on .the fact that 8x + 5y = 2 has

solutions in %ntegers, such as X = -1, y = 2 and Xx = 4,

"y = -6. " The first means that if you fill the 5 gallon

‘ jug twice and empty it once into the 8 gallon Jug, you
will have 2 gallons left in the 5 gallon Jjug. The éecond

- solution means that if you_fill the 8 gallbn Jug four times
and use it to fill the 5 gallon jug 6 times, you will
have 2 gallons left ir the 8 gallon jug.  Point out that
the first solution is better.

1 has solutions

*8, Yes. 'This depends on the fact that 8x + Sy'

* in integers, such as x =2, y = -3, and X = -3, y'=5. The
first means that if you:fill the 8 gallon Jjug twice and empty
it 1ntoffhe 5 gallon 'three times, jou will have one gallon left
in the 8 gallon jug. The second solutlon means that if you f111

*d\]
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the 5 gallon Jug 5 times, and empty it into the 8 gallon jug
3 times; you will hLave one gallon left in “he 5 gallon jug.
Point out that the first solution 1s best. '

— l,B;iiErom,Arithmetlc to Mathematics.

John Friedrich.Karl Gauss was born in Brunswick, Germany, in
1777. He died in 1855 at the age of 78. The pupils may be |
interested 1n noting that his lifetime almost spanned the years
from the, American Revolution to the Civil War.
Mathematicians conslder Gauss as one gf the greatest
mathematiclans of all times.
In thils age of space exploration it 18 interesting to note
that Gauss developed powerful methods of calculating orbits
of comets and planets. His interests extended also to such
fields as magnetism, gravitation, and mapping. In 1833 Gauss
invented the electfic telegraph, which he and his fellow worker,
Wilhelm-Weber; used as a matter of course in sending messages.
In'1807 Gauss was appoilnted Director of the Gottingen
_Observatory and Lecturer. of Mathematlics at Gottingen Unilversity.
In later years the greatest honor that a German mathematician
could have was to be appointed to the professorship which Gauss
once held. )
, This sectlion deals with Gauss's discovery of the common -
method-of summlng an arithmetlc series. It dramatizes how some
pupils (and mathematicians) apply insight to finding a solution
""to a problem. _You; better students should be %o0ld that there
are methods other than Gauss's f{or finding'the sum . of ‘a serles
" of numbers.  Some students might be encouraged to discover
.methods of thelr own for'adding'number savies quilckly.
The "'middle number"’method 1s one that may be used. This
scheme can be used for an even or an odd number of integers.
The following examples may be used to ‘explaln this method to the .
students who have tried to discover other methods. )

Example A. 1+2+ 3+ 54 + 5+ 6+ 7 = .
In this serles the middle number (%) 1is the a erage of: the i

8 ,,
19 - .
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individual numbers of the series., The sum is the product of the
middle number (%) and the number of integers in the series, or
by 7 =28, ‘ S
.Some pupils may prefer to think of the series as
(L +7)+(2+6) + (3+5)+ 4
v (B4 B) + (Be B) 4+ (B B) + 4=
‘ ' . 7 % y _ 28'

i

Example B. 1 +2 + 3+ % 4+54+6+7+8=2 ,

_In this case the "middle number" is half way between 4
and 5, or #%u Then the product (4%0 x 8 = 36 1is seen to
give the correct sum. ’ ‘

It may seem more plausible here to write the sum as
(1L +8)+(2+7)+ (3+6)+ (4+5)

(4 4) + (e 40 + (o 1)) + (434 1)

i

1
8 x 45

Cléarly, Géuss's-method is to be preferred'in this case.

’

Answers to Exercises 1-3

1. 15. Another method 1s this: 2 + 4% =3 4+ 3, 1 +5 =3 + 3.
That 1s, the sum 1s the same as: 3 + 3 + 3#3+3=5x3=15
This can be called the "averaging method".

2; Either method wdrksz' Gauss method: §—§—i 5

- . Averaging method: 5 x 4 = 20. - -
16 x 8 ' . . f B
3. == 64, Here there is an even number of Quantities so
' that the "averiﬁing‘method“ must be modified
to give 8 eigi7's‘or 8 x 8 = 64, ‘

/

/

2
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A}

M

a. . U
b.. 9 9
c. 16 16 A
d. They are the same.
This 1s reglly the "averaging method." See Problem 1.
14+ 3 = 24+ 2 = 4 = 2x2
1+3+5 = 3+ 3+ 3 = 9 = 3x3
14+3+5+7 = ¥+ bbbl - 16 = bxd
e 1415=34+13=5+11=7+9 = 16
The average of each two is 8,
Therefore 1 + 3 + 5+ 7 + 9 + 11 + 13 + 15 =
(1 +15) + (3 +13) + (5+11) + (7T +9) =~
| 8+8+8+8+8+8+84+38 i/g\x 8 = 64
5¢ T+ 9+ 11 % 13 + 15 + 17 oL % 6
7 +15+13+ 11+ 9+ 7 5— = 12
24 4 24 4 244 24 4 24 4 24
6. 4+ 64 8+ .., +28
28 + 26 28+ ... + 4 32>2<13=208
32 + 32+ R+ ... +32 ‘
7. l +. . 2 ‘e 3‘+ coe + 200 . .
200 + 199 + 198 + ... + _1 200X Z0_ 59,100
201 + 201 + 201 + w.e + 201
-0+ 14 24+ 34 Jee 4+ 200 ’ : .
200 + 199 + 198 + 197 + .., + _o 2XEO_ 55360
200 + 200 + 200 + 200 +  «.. + 200 - o
If e start with 1, there

~ Yes, the answers. a

N

fare 200 1ntegers

If we start with 0,

serles, glving us

The products of th

re the same,
1n the series giving us
) there are

(0 4+ 200)201
2

e same factors are equal.

.k

L; + 200)200
2

201 1integers,1n the

The method also

may be used in a series if we select a number other than 1

or 0 as the star

ting points. Some of the

10 .

P\ﬁ

better students

may investigate whether the method works in other series.
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‘1-4, Kinds of Mathematics.

Discussion of this sectiqn should emphasize the dynamic /

character of mathematics. It 1s not a "dead" subject as man
' parents believe. :

. It 4s important also to point out here (and throughout the
. course) that certain important ingredients are common to all the
fmany varieties of mathematics. The method of logical reasoning,
the use and manlpulstiom of abstract symbols, the insistence on
precision of thought and\clarity of expression, the emphasis on
general results--these ar'e some chovacteristics which need to be
stressed whenever possible. '

: ~
R >

Some Interesting Problems

{Bring out the fascination of mathematics as a leisure activity
or hobby. Encourage students to look for recreational mathematics
in books available at sehool and from current magazines or
rotogravure sections of new3papers.

Choose such problems now and then, throughout the year, at
"a time when the class needs a change of pace. These kinds of
-problems can be used profitably with the class period before a

,lengthy vacation= :

Some ‘Recreational Books

Adler, Irving..-MAGIC HOUSE OF NUMBERS. New York - Signet Key
‘Book, the New American Library, Ihc. Paperbound 50¢.

Adler, Irving.’ MATHEMATICS THE STORY OF- NUMBERS, SYMBOLS AND
& SPACE, New York: Golden Press, 1958. Library edition
$1. 39. Paperbound -50¢.

-Kraitchik, Maurice. MATHEMATICAL RECREATIONS. New York: Dover
Publications, Inc., 1953. Paperbound $1.75.
Leeming, Joseph. MORE FUN WITH PUZZLES. New York: J. B. Lippen-
cott Co., 1947. $2.50. -
Merrill, Helen A. MATHEMATICAL EXCURSIONS. New York: Dover .
" 'Publications, 1957. Paperbound $1.00. -

Mott-Smith, Geoffrey. MATHEMATICAL PUZZLES FOR BEGINNERS AND
ENTHUSIASTS. New York: Dover Publications, Inc., 1954.
Paperbound $1.00. o

11
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Smith, David Eugene -and Ginsburg, J. NUMBERS AND NUMERALS.
Washlngton, D.C.: National Council of Teachers of Mathe- -
matics. 35¢.

Wylle, C. R. 101 PUZZLES IN THOUGHT AND.LOGIC. New York:
Dover publicatlions, Inc., 1957. Paperbound $1.00.

Answers to Exerclses 1-4
1. Cost: $80 + $75 = $155

Selling price: $90 + $100 = $190
Profit = Selling price - Cost = $190 - $155 = $35.

2. There are flve combinations: 1 quarter and 1 nickel
1 dime and % nickels
2 dimes and 2 nickels

3 dimes
6 nickels
3. a. 6 “c. None e. 12 g 1
b. 27 da. 8 ’ £f. 6 >
b, fThere is, of course, usually more than one way to do these.
h ;,E—ﬁ—£-+ b cor 4(4 - ) + 4

| g (¥ X ul + 4
- 6=Lﬁ_u+)4

~ u u » . .
T b S .
8 = 44 by 4 _ b |
9= k4 by g | _
. o R . -
10 = 4y = o
If the students like these, you might do a few .extra ones
'such as the ones -below; however, you can not go too high or have
too great‘a variety since the students are not familiar enough
with exponents. Some other examples are as follows:

-t

9
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12 = fELﬂkli ' C32=bx b4 bl

15:.1.‘1#.,_1; or (llxll)‘--llf 43 = 44 - ¢

16 - 5;2L4}2i;§f"'” u oy
17 = (b x 4 4 1 b5 = Wby g
20 = Bk + ) 60 = bx hxh-b
oh o (B k) s bad 68 -lxbhx k4l

28 = 44 - b x b " 256 = by hx bx b

5. Ore solution would be as follows:

/ Mr.and Mrs. Arnold .
- Mr.and Mrs. Bertrand | No—

" |Mr.and Mre.B : ,M&j'and M"_i_'j\

Mr.and Nirs.B "'E %P:Z ‘ Mrs.A
. - e e e e e el

Mrs.}B x ' g.%__ Mrs.A

'Mfs.‘ B «kmrj'B_ . ' Mr.and Mrs.A

) . ‘Mz.and Mrs.
, -—|Mr.and Mrs.A

Mr.and Mrs.A

. : . &j Mr.and Mrs.B
. ! K / — -
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7. Ask if it 18 practical to try out all the possible ways the
“  dominoes may be placed on the board. This would be difficult
because there are many thousands of ways of trving to do
this. The solution may be found in another way: _
There are 64 squares in all, and 62 squares to cover.
If: 31 dominoes are placed on the board, you must -
cover 31 white and 31 black squares. However, since
both of the squares not to be covered are black .there -
* are therefore 32 white squares, but only 30 black
! squares. to be covered. This 1is evidently imposéible,,
because each domino always covers both a white square’
N and a black square.
' Be sure the pupils do not confuse the notion of an unsolved
problem with that of an impossible rroblem.

1

" #1-5, Mathematical Discovery. | =

Just as music 1s the art of credting beauty with sounds,(
and painting 1s the art of creating beauty with"colors and shapes,
so mathematics 1s the art of creating beauty with combinations of"

. »1deas. Many people enjoy mathematics as a fascinating hobby..'
e Many people study mathematics for fun as other people enjoy music
or painting for pleasure. ! . '

The problems on tracing are designed to set a pattern of
thinking which can be utilized drrectly in showing the” impossi-
bilitJ of the Konigsberg problem.

i,
1
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o
< | Answers to Exercises 1-5

Fa

1. Figure 5, figure 6, filgure 7, figure 8, figure 10, and
_figufe 12 can be retraced. ' ¢

[

: : — ——
T rrooms [ [ 2{c | |8] =] o]n| x| MmER o, | snicnimLs
' N » ODD NUMBER
| | \ » OF PATHS
v 1 lelelufele| ) o Yes
2 [3l23]2], . 2 Yes
3 {3]31l2(p|[3 4 No
| AEREIVIZEE 4 No
5 2l2l2 0 Yes
6 21313 |2 .2 Yes
7 21214.l2 ]2 0 Yes
|3 [3]2]|2 |4 2 Yes
9 313133 |4 L ' No
[ 10 AR AR 2 Yes
11 31313121213 6 No
12 A - O I B IS ) o} Yes
13 1sl2|sis|s|4]2|2}2 4 No

Fd

3. A flgure is traceable 1f there are at most two odd vertices.
A figure 1s not traceable 1f there are more than two odd

vertices.,




»

If the students ask for a more detailed explanation, the
teacher may use the following approach.

In the preceding exercises

you founa that the figures having

more than two points with an odd number of paths were not trace-

able. . Let us try to see why thi

s 15 sn.

A point that has an even number of paths presents ho special

problem in tracing.. For example

‘through point A, we can move in

A ,//)Pbut i

FIGURE |

/ .
[+
B 'out

n

> 1In figure 1 with two paths

to the point on oné path and out
of the point on the other path.
Also,
paths we can move in to point B
on the first path, out of point B
on the second path, in to point B
on the third path, and ou%t of
point B on the fourth path. A
similar procedure can be followed

in figure 2, with four

with any point having an even
number of paths.

A point that has an odd number of paths presents a different

FIGURE 2
situation. '
/
C out .
‘\\\<Q\\
fBURE.3 ~

since we have no second outgoing

/
out )
\

D

FIGURE 4

'~

In figure 3, with three paths,

we can move in to the point on
one patbh, ahd in to the point on
the third path. In this case,
the drawlng must end at the point
path.

In figure %, with three paths,
we can move out of the poilnt on
one path and in to the point on
the second path. the
third (out) path must be used to
leave again. the point
must be a starting point.

However,

Thus,

16
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'We have shown that a point that has an odd number of paths
must be elther a starting point or an ending point. Since a
figure can have ohly one starting poinf and one ending point,

a figure having more than two points with an odd number of paths

18 not traceable. -

 %1.6. The Kénigsberg Bridge Problem.

After the completion of Section 1~ the Kénigsberg Bridge
Problem should qot’be very difficult for pupils to follow. They
should be able to explain why the pfoblem 1s impossible.

° Figure 1-6b wlll help them to see the many different ways of
walking through the city using the bridges to go from one plece
of land to another. Use (' in place of the plece of land to the
north and D, the land to the south. A 1s the 1sland and B
. 1s the land to the east. Think of eachspiece'of land as shrink-
ing to a point. This dces not change the problem. The lines
leading from A, C, D, and B show routes across the bridges to
the various parts of the city. At points B, C, and D three
routes come'tégether and at point A five routes meet.  Since
there are four polnts where an odd number of routes come together,
it i1s imposslible to walk over each bridge once and only once.

The proof of this problem was derived by Leonhard Euler.

1-7. Mathematlecs Today.

Studehts should be encouraged throughout the year to bring
material concerning mathematics for the bull._tin board. There
1é a Wealth of material in dail; papers, magazines and pamphlets.
Even 1n tne want-ads of large daily papers there are.advertise-
ments for mathematics.

Before World War II almost all mathematiclans were employed
as teachers 1n schools and @olleges. Since then, the world of
mathematics and the world of mathematicians have changed
tremendously. Today there are more teachers of mathematics than
ever before. In Junior and senior high schools there are perhaps

17
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50,000 who' teach mathematics. Employed in colleges and univer-
sities there are about 3,000 more, but now in business, in
industry, and in government thére'are from 7,000 to 10,000
persons working as mathematiclians.

Numerous agencies of the Federal Government hire mathema-
ticians for a number of different aésighments. ILiterally,
thousands of people work with computers and computer mathematics
for the big electronic computers. Industrics of all types are
hiring mathematicians to solve complex mathematilcal problemé, to
help other workers wlth mathematical difficulties, and even to
teach mathematics to other.empldyees.

These changes have been brought about by the revolutionary
advances in science and in technology which we discussed. Changes
continue to take place.

Many people who are not primarily mathematicians need a
comprehensive background in mathematics. This has long been true
of englneers and physicists, and they now find it necessary to
use even more advanced mathematics. Every new project in alr-
craft, in space travel, or in electronics demands greater skills
from the engineers, sclentists, and technicians.

A survey of college requlrements 1n certain vocations might
be interesting for the class but the necessity for a minimum

knowledge ['or everyone should also be stressed.

The highlights of Jjunlor high mathematics should be discussed
with the class. * During this year the students will develop a
petter understanding of what mathematics really is. They will
have many opportuniti=s to use mathematical reasoning. Though

mathematics 1s much more than just counting, computing, measur-
ing and drawing, many operations and applications will be uszed
in the following chapters.

They will learn about the history of numbers from the
primitive peoples! scratches 1in the dirt, to written symbols for
numbers. Early number symbols are reviewed to emphasize the
characteristics of the numeration system we use. Puplls will
find that the numeral 100 (read one, zero, zero) does not

always represent one hundred.



For many years they have used counting numbers, such as
vl, 2, 3,“4, and so on. Are there other kinds of numbers? Yes,
they will become acquainted with several other kinds.

‘ Ask them if they have ever carefully observed how numbers
‘behave when you add or multiply them. If they have, they will
find some properties that are always true in addition and multi-
plication. 'gggg and one also have special properties which they
may have discovered. This year they will observe numerals much’
more closely than they have ever done. For some of them it will
be similar to looking through a magnifying glass. When they
really look at a problem carefully, they discover how much
clearer the mathematics in the problem becomes.

" For many years they have used the word "equal" and know
a symbol for it. Can there be inequalities as well?

Another interesting part of their year will be spent con-
sidering ideas of point, line, plane, and space. They may
already have some ideas about these. Have they ever'®built models?
If they have, they will have some of their own ideas of point,
line, plane, and space. 5

The students are already familiar with many symbols in
- mathematics. Some of these symbols have been used so often that
they are used without thinking much about them. Look at the
fraction 30 ‘Are they familiar with this symbol?- Now look at
an Egyptian way of writing this fraction many years ago:

1 1.1 1 2
3 +;§-+ T+ Tgu Will they not‘find the symbol 3% much simpler

and easier to handle than the sum of these four fractions? '

New symbols will be introduced this year to enable the
students to be more precise mathematically.

You cannot possibly tell them all about their first year in
Junior high mathematics, or what mathematics 1is, at the end of
Just one chapter. However, it is hoped that as they study mathe-
matics this year they will gain a much better idea of what mathe-
matics is and why they should know as much of it as they can

learn.

19 18 it
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Bibliography for the Teacher

Bell, Eric T. "MEN OF MATHEMATICS. New York: Simon and
Schuster, 1937.

Boehm, George A. W. and the Editors of Fortune. THE NEW
WORLD OF MATHEMATICS. New York:r The Dial Press, 1959,
See especially pp. 17-46 (The New Mathematics).

Courant, Richard and Robbins, Herbert. WHAT IS MATHEMATICS?
New York: Oxford University Press, 19!3.

Kline, Morris. MATHEMATICS IN WESTERN CULTURE. New York:
Oxford University Press, 1953, -

See especially pp. 3-12 éGeneral Concepts),

, pp.21-39 (Deductive Reasoning),

Sawyer, W, W. PRELUDE TO MATHEMATICS. Baltimore, Maryiand:
Penguin Books, 1957.
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Chapter 2
NUMBER SYMBOLS

Introduction

For this unit little background is needed except familiarity
with the number symbols and the basic operations with numbers.
The "purpose of the unit is to deepen the pupil's. unders” znding
of the decimal notation for whole numbers, especially with regard
to place value; this will nelp him delve a little deeper into
the reasons for the operations, which he already knows, for
addition'and multiplication. ' One of the bgstﬂyays to accomplish
this 18 to consider systems of number notatidns using bases other
than ten, Since, 1in using a new base, the pupll must necessarily
look\at'the reasons for "carrying" and the other mechanical -
operations in a new light, he.should gain deeper insight into
the decimal system. A.certain amount of computation in other
systems is necessary to fix these ideas, but such computation
should ngtfbe regarded as an end in itself. Some of the pupils,
however, may enJoy developing a certain proficiency in using new
bases in computing. , )

The most important reason for introducing ancient symbolisms'
for numbers is to contrast them with our decimal system, in
which not only. the symbol, but its position, has significance.

It should be shown, .as other systems are presented, that position
has some significance in them also. The Roman system made a
start in this direction in that XL represents a different
number from LX, but the start wasva very:primitive one. The
‘Babylonians also made use-of position, but lacked a symbol for -
zero until about 200 B.C. The symbol "¥" denoted the absence
of a figure‘but apparently was not used in computation. The
numeral zero is.necessary in a positional-system. Pupils should
not be expected to memorize ancient symbolism. It is recommended

hat very little time be spent on the use of the symbols them-
selves. In order for pupils to appreciate the important

21 9
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characteristics of our system of writing numerals,
table may be discussed.

.-

)

the following

BASE | PLACE VALUE ZERO
Egyptian Ten No No
Babylonian sTxty Yes limited meaning
‘ No {but 1t has
Roman Varied | ,o5itional valud No
Decimal Ten Yes Yes

‘It is especially 1mportant to distinguish between a number
.and . the symbols by which it is represented. Some of the properties
usually conne cted with a number are really properties of 1ts
notation. The facts that, in decimal notation, the numeral for
a number divisible by 5 ends in 5 and that %- has
an unending decimal equivalent are illustraticns. Most of the
properties with which we deal are properties of the numbers
themselves, and are entirely independent of the notation in which
Examples of such properties of numbers
are: 2 + 3 = 3 + 2; the number eleven is a prime number; and
six is greater than five. The distinction between a number and
the notation in which 1t is expressed should be emphasized when-

or O,

they are‘represented.

ever there is opportunity.

_ An attempt has been made to use "number"
precise meaning in the text. For example, "numerals" are written,
but "numbers" are added. A numeral is a written symbol. A
number is a concept. Later in +he text it may be cumbersome to
the point of annoyance to speak of "adding the numbers represented
In this case the expression

and "numeral" with

- by the pumerals written below."
»"adding the numbers below" may be used.
At seversl points, numbers are represented by collections of
Exercises of this kind are important, because they show the
‘ x's, as well as the significance

xts,.
role of the base in grouping the
of the digits in the numeral for the number.

22
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Suggested Time Schedule

It is important that only enough time be spent on the various
sections to secure the understandings desired. The historieal
symbols themselves are not important. Neither are the numerals
in other bases valuable in themselves, but the ideas that they
help to clarify are important. It is estimated that 22 to 25
days will be required for completion of this chapter, including
testing. A few days more or less may. be required depending upon
the character of the particular class.

Familiarity with the subject matter is an important factor
An a smooth presentation. Teachers report that a second
experience with this material is much easier than the first.

The lesson moves more rapidly, apparently, as the teacher gains
confidence in the subjJect matter presented.

- Homogeneously grouped classes undoubtedly will alter the
suggested schedule since the more able students can complete the
chapter in less time wh;;e less able students may require a
considerably longer period of time on various sections. The
following schedule may Qheh be adapted to local needs, taking into
consideration the length of class periods, and other factors.

It should be remembered that extra time spent on this chapter
will necessarily reduce the number of days available for later
important chabters. :

Sections Days
1 2
2 2 or 3
3 3
Y 4
5 3
6 1
B K 1l or?2
8 1
.9 3
10 1
Test B 1
Total 22 to 24
23

g

L



2-1. Ancient Number Symbols,

The purpose of the historical material 1is to trace the
continuirg need for convenient symbols and for a useful way or
writing expressions for numbers.. The idea of "one-to-one"
correspondence is introduced. It is'developed later and should
not be defined hefe where the emphasis is upon numerals rather
than upen numbers. Egyptian symbolism is introduced to familiar- .
ize the pupils with one of the first important systems of notation.
Do not use an excessive amount of time in discussing the Egyptian
or Babylonian systems. No pupil should be required to memorize
ancient symbolism except in the case of Roman numerals.

The Babylonians were among the first to use place value.

They used the two symbols Y and < for small numbers and gave
them a positional value using base sixty. An empty space had
somewhat the same meaning as our zero. For example, YY could
mean (60 x 1) + 1. Similarly, =YY could mean (60 x 10) + 2.
On the other hand, the first 1llustration could be interpreted

as (60 x 60) + ., or even as 1 + 1, since there is no means
."of determining how much space the writer considered the equivalent
of one place. The indéfinite means of indicating position, and
the base of 60 makes it a difficult system to understénd. For
this reason, it was touched lightly in the student text. A more
complete explanation may well be given by.the teachér if he
" wishes. Ié_can be pointed out that our measurement of angles
and of time is a heritage from the Babylonliins.

} \The Mayan numerals illustrate another method by wnich a
multiplief in a numeral system can be indicated.” The Mayans
used three symbols: a dot for 1, a bar for five, and an;
oval, go , which written below another symbol multiplied its
value by twenty. Some Mayan numerals are written below:

. o - . .

. ®
e (3) (7) (11) (%0)

Hogben's "Wonderful World of Mathematics" contains a very

attractive account of Mayan and other numerals.

2
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The Roman ‘system may be stressed because of its continued
use; Note that the subtracting principle ﬁas a late development.
It may be pointed out that computation in ancient symbolism was
complex and sometimes very difficult. Because of this, various
devices were used, such as the»sand,reckonér, counting table, and

_abacus. After decimal numerals became known, algorithms were '
devised and people were able to calculate with symbols alone.
There was much opposition in Eurdpe to the introduction and use
of Hindu-Arabic'numerals, especially on the part of the abacists.
‘As ?pe new system became accepted, the abacus ana other computing
devices slowly disappeared. in Europe.

Answers to Exercises 2-la

Ll ~ - ¥ §eennn
b.nll o g elele
cfhnn . Zf- f @ oA
a-genn, | T

2. a. 32 , b.. 2Tk | c. 31&0. d. 1;250

3.00N1 or (INAN o NNINE oz ANIIN » ete.

4 a. T, c. 204,QQ

1 I

1| I

| |

-~ b 15, N0 11 © 4. 10,351 /7QRE NNN |
. I | nN

Other representations should be accepted: for example,

™.l |} for seven, etc.

25.

LY

LN
\
\




‘Answers to Exercises 2-1b

1. d.yyry b. <Y ce <<YYY de<YYY
' <YYY
. . <YY
2. a. 15 b. 37 c. 55
3, a. 16 e, 29 e. QO g. 666
~ b. 1% d. 1;0" f£. 105  h. 2350
4, a. XV | e. XCVIII -
b. XXIII - £f. DCXXIX
e, XXXIV g. MMMCCLVI
d. IXII :
5.. . Decimal Roman  Egyptian Babylonian
a. 6 VI RN YYY
L1 YYY
b, 17 XVIT Nl YYY
T <YYY
| v
c. 2k XXIV NNl ~<~YY
| <YY
6. a. 7 v
b. 1
c. 7T
d. 10

2.2. The Decimal System.

Discussion of the decimal system should emphasize the
importance of the invention of a useful system which lends itself
easiiy to calculation, Its efficiency lies in the small number
of symbols used, with no need for new or additional symbols'as
l&rgef numbers are introduced; in the use of place value where
each position corresponds to a power of the base; in the use of

26




zero as & place holder and in computation. The stﬁdents'
appreclation for some of these"character;stics will be increased
as they proceed through Section 2-3. Emphasize the value
represented by a digit and the value of position in decimal
notation. ‘
. An abacus can be used to good advantage in discussion_of'
place value. I%t is suggested that counting be done as a class
exercise, each number shown on the abacus, and similarities
between this representation and numerals discussed. It can be
pointed out that the Romans used the idea of place value in their
computation with an abacus, but did not extend the principle to
numerals. The invention of a zero symbol might have.changed the
course of Roman arithmetic. v

The amount of attention given to reading and writing of
numerals will depend upon the:-needs of the pupils. Some‘pupils
probably will have a very limited proficiency in this area.

Students should be aware of the meanings of numbér names
such as thirteen, (three and ten), seventeen (seven and ten),
forty (four tens), sixty (six tens), etc. |

Children~wi11 enjoy stories that 1llustrate the difficulties
. involved in trying to discard outmoded systems of record keeping
and in learning to compute with the decimal system.’

For a long period in English history, exchequer accounts
were kept by means of wood tallies notched to show amounts.
Notches of different silzes represented different amounts of money.
Not until 1826 was the practice finally abolished. The following
quotation from-an address,by'bharles Dickens, delivered a few
Wyears later, describes the official end of the era.

"In 183% it was fcund that there was & considerable

accumulation of [these tallies]; and the question then
_arose, what was to be done with such worn-out, worm-

eaten rotten old bits of wood? The sticks were housed

in Westminster, ard it would naturally occur to any »
intelligent person that nothing could be easier than to
allow them to be carried away for firewond by the
miserable people whe lived in that neighborhocod. However,

they never had been useful, and official routine re-
quired that they should never be, and so the order went

27
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out that they were to be privately and confidentially

burned. It came to pass that they were burned in a
"s8tove in the House of Lords. The stove, over-gorged
- with these preposterous sticks, set fire to the

panelling; the panelling set fire to the House of

Commons; the two houses were reduced to ashes; archi-

tects were called in to bulld others; *and we are now

in the second million of the cost thereof."

A story is told of a German merchant, living in the
fifteenth century, who wished to give his son an advanced com-
mercial education. He asked a prorinent professor of a university
to advise him as to where the son should be sent. The reply was
that if training in addition and subtraction were sufficient,
it could probably be obtained in a German university; but for

instructior in mmltiplication and division, the son must be
sent to Italy, where scholars had made considerable study of

the art.

Answers to Exercises 2-2a

l. a. three hundred
b. three thousand, five
c. Seven thousand, one hundred, nine .
d. fifteen thousand, fifteen
e. two hundred thirty-four thousand
f. s8ix hundred eight thousand, fourteen
g. one hundred thousand; nine
h. one million, twenty-four thousand, three hundred five

(Note: Only the tens numbers are hyphenated, as
twenty-three. ) -

i. thirty million, two hundred fifty thousand, eighty-nine
Js fifty-two billion, three hundred sixty million, two
hundred fiftzen thousand, seven hundred twenty-three
2- O, l, 2, 3, }4, 5, 6) 7) 8) 9
3. thousand

L, a, 4 b.

\\
o
[
o3
1]
U
I,
U
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5. a. Answers will vary.
. b. Answers will vary.
6." a. .100,000
" bs one hundred thousand
.c» Answers will vary.

7. a.’ 999,999 _
" b. nine hundred ninety-nine thousand, nine hundred

8. a. 156 f. 111,000
b. 502 g. 3,003,003 \
c. 5,200. _h. 5,000,000,002
‘d. 6,857 : 1. 2100
. e. 27,017 J. 6000
‘9. a. 857 b. 333,000 c. 910 ~d. 330,000
10. a. 10 ‘ e. 100 '
b. 10 f. 1000
c. 10 ' g. 10
d. 10 h. 1000

11. 10 times as large.

Note the‘pﬁrase "as large as" in the statement of the
problem. Encourage the use of this phrase rather than "how many
times 1arger’than", which contains two conflictiﬁg ideas.,

Exercises 2-2b were included as review material for -
maintenance of skills. Emphasize that knowledge of a procedure
in calculation 1is oflittle value unless 1t leads to the correct

result.
Answers to Exercises 2-2b
1. ,135 | 6. 605 11, 124
2. 25h 7. 3948 12. 107
3. 1858 ‘ 8. 15,466 13. 600
4, 35 9. 334,100 14, 304 R &
5. 278 10. 3,276,000 15. 4030 R 8.
~ - 29
/ \ r
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2-3. Expanded Form and Expénents.
Exponents are incroduced here in a situation which shows

‘clearly their usefulness for concise notation. Furthermore,
thelr use serves to emphasize'the role of the Base and of po-
sitior. This role will be more fully utilized in the sections
to follow; Note the use of parentheses to show that certain
qombinations are to be consldered as representing a single
numeral.

Use of the erms "square" and "cube" in reading second and
third powers of numerals shculd not be introduced here.

Answers to Exerciges 2-3a

1. 432, 234, -

2. 2380, 300, 60,385

3. 3456, 402, 56,420, hundred
4, a. 28 = (2 x 10) + (8 x 1)

b. 56 = (5 x 10) + (6 x 1)

c. 721 = (7 x.100) + (2 x 10) + {1 x 1) »
or [(7 x 10 x 10) + (2 x 10) + (1 x 1)]

d. 1312 = ( 1 x 1000) + (3 x 100) + (1 x 10) + (2 x 1)
or [(1 x 10 x 10 x 10) + (3 X0 x.10) + (1 x 10) +

(2 x 1)) T

e. 244 = (2 x 100) 4 (4 x 10) + (4 xlig ,

f. 2846 = (2 x 1000) + (8 x 100) + (4 x 10) 4+ (6 x 1)

€. 507 = (5 x 100) + (0 x 10) + (7 x 1)

h. 23,162 = (2 x 10,000) + (3 x 1000) + (1 x 100) +

(6 x 10) + (2 x 1)

v ~ Since our system has base ten, multiplying and dividing by
powers of ten can be accomplished,easily by changing the place
value. These exerclises give the teacher a chance to see 1if
ev:ryone in the class reallzes this. v

Answers to Oral Exercise§ 2-3b

1. 3,040 /’/f,w6f/f99;000
2. 304,000 T 7. 14,000
3. 27,500 , 8. 45,000
4, 2,200 _ 9. 48,000
5. 600 10. 64,000

(AN
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-Divide:

&£ W N

5,

11,

12.
13.
1%,

15.

423 =
771 =

5253
2608
34,3

6

i .
// -
270 16. 330 .
27 ) 17. 11
27 . i8. - 1,000
305 19, 10
100 ’ 20. 1
Answers Eg.Eiercises 2=3c
= (4 x 10 X 10) + (2 x 10) + (3 x 1)
= (7 x 10 x.10) + (7 x 10) + (1 x 1) ‘
= (5x 10 x 10 x 10) + (2 x 10 x 10} + (5 x 10) + (3 x 1)
= (2 x 10 x 10 x 10) + (6 x 10 x 10) + (0 x 10) + (8 x 1)
59 = ( 3% 10x 10 x 10 x 10) + ( ¥ x 10 x 10 x 10) +
( 3x 10 x 10) + (5 x 10) + (9 x 1) ‘
Answers to Exercises 2-3d
b x 4 x b e. 2x 2x2
3 Xx3x3x3 £. 3x 3
5% 5 g. 4 x hx U xbxb
2xX 2x2x%x2xX2 h. 5X5%x 5% 5
12 h. 8
64 i. 9
- 81 J. <0
10 k. 20
25 1. 1024
22 m. 625
five to the third power
ten to the sixth power

two to the fifth power
ten to the fourth power
two to the third power
eight to the second power

31
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b.
Ce

e,
f.

b.
Ce

2 o0 o

[N

4 x 2 g. 103 m. 42
'3 x 10 h. 10" n. 2x 4
4 x 10 1. 62 0. 53
5% 6 j. 8% p. 23
I x 8 k 5% 3 q. 3 x 2
2 1. 32
102 ~ e. 2x 3
10 x 2 £, 310
5 e 110

Answers to Exercises 2-3e 5
3° c. 253 e. 2797
60 "d. 5b r. 16!
three ten
seven e. five
two
é X 2X2X2x2x2x2x?2

10 x 10 x 10 x 10 x 10 x 10 x 10
33 x 33 x 33 X 33 x 33
60 x 60 x 60 x 60 x 60 x 60
256 c. 343 e. 81 g. 6b ‘
36 d. 64 f. 1000 h. - 1024 o
2% _8; 3% _9g; 3°) 28
#3 2 Buy 3t _81; 3% > 4
(% x 102) + (6 x 10) + (8 x 1)
(5 x 10%) + (3 x 10%) + (2 x 10) + (¥ x 1)
(7 x 10%) + (0 x 10°) + (6 x 10) + (2 x 1)
(5x 10%) + (9 x 10%) + (1 x 10%) + (2 x 10) + (6 x 1)
(1x 10%) + (0 x 10") + (9 x 10%) + (1 x 10%)-+ (8 x 10) +
(0 x 1)
TN
. .
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7.

*g,

- 10.

1.

v.

10t . 10 ten

102 , 100 one hundred

103 1,000 one thousand

»104 10,000 ten thousand

10° 100,000 one hundred thousand
10° ~ 1;000,000 one millicn ’
ae. 103

b. 10°

Ce 106 ) ;

d. 108

“The exponent of the base "10" tells hoﬁ many zeros are .
written to the right of "1" when the numeral is written in

‘

the usual way.

The value of 10° 1s 1 by definition. The idea should

not be stressed here, however. /Studenﬁs can be shown that

" the meaning of 10° 1s reasonable by the following approach:
104 = 10,000 “Each time the exponent is decreased by
103 = 1000 one, the value of the number is divided
10? = 100 by 10. Continuing the process, there-
10t = 10 - fore, it would follow that 10° = 1.

10% = 1

The expanded form of a decimal numeral can be written witn
powers of ten representing the values of all the places thus:
2156 = (2 x 103) + (1 x 10°) + (5 x 10%) + (& x 109).

10100, Tt may ve pointed out that 1190 1s 1. fThe

mathematician in the story is Edward Kasner, &nd the namz
"googol" was suggested by his nine-year-old nephew. At the
,same'fime, the child suggestad that a "googolplex" might be
"1" followed by a googol of zeros, or 1010100, The two terms
have caught the public fancy and have become generally

~accepted in speaking of very large numbers,

33
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2-4. Numerals in Base Five.

The purpose of teaching systems of numeration with bases
other than ten is pct to produce facility in calculating with
such éystems.' A study of an unfamiliar system aids in under-
standing a famlliar one, Jjust as the study of a foreign 1ahguage
alds us in understanding our own. This understanding will be
heightened if the teacher will continually contrast base five
with the decimal system. The decimal system is so familiar that
1ts structure and the ideas involved in its algorithms are easily
overlooked. In this section attention is focused on numerals,

rather than on numbers. Base five was selected for this section
rather than base seven or any other base, because it is thought
to be easier for pupils.

Questions may arise about the notation for a numeral to base
five. We do not write "135" because the symbol "5" does not
occur in a system of numeration to this base. Replzcing the
numeral by the written word emphasi.ecs this fact. Note that in
any system, the symbol for the base is 10.

LIt is recommended that this section be developed by a
‘laboratory procedure. Students should be furnished with dupli-
cated sets of counting symbols like those of Exercises 2-%a and
2-4b. Cconsiderable help may be needed in making the transfer
from groups of counters to place value numerals.

Devices of any kind in which counters can be manipulated to
show successive groups of five will\be helpful. For this purpose
an open-end abacus can be used, withkpqunteré dropped on the rods
to indicate various numbers. Pennies'can be used as counters,
and .groups of pennies replaced by nibkéls and by quarters as
numbers become larger. Use such time a5\1§ needed and as many
approaches as can be devised to develop the concepts of numerals
in base five. A clear understanding of this section 1s necessary
before students attempt the remainder of the chapter.

Thé Celts and Mayans used twenty as a base, probably because
they used their toes as well as their fingers in counting. The
special name sometimes used for twenty is "score." . Some Eskimo
tribes probably count by five using the fingers of 6ne hand.

" L
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As a class exercise, pupils enjoy counting orally in base
five. Be surg\that they say three, four, nouv thirty-four,

Answers to Exercises 2-%4a

1. a. llfive’-'

p. 1Mfive .

C. 22f1ve x
4o 3Bpyye

ed uzfive / 

XX X de (x x X X X)x
b. (x'Xx X X X)X X X X X X)X
X X X X X X X X X X)X

o
e

:
:

. -
¢ EEEED
3. Numeral in Base five Expanded Form Numerals in Base T2n
;five A 1 % one ' 1
.2f1ve : 2 X one 2
/ sfive f o 3 X one 3
/. 'five _x one 4
/ leivé' ' (1 x five) + (0 x one) 5
/ 1124 ve (1 x five) + (1 x one) 6
/ 120 ve (1 x five) + (2 x one) 7
; 1364 ve (1 x five) + (3 x one) 8
; lufive (1 x five) + (4 x one) 9
/ 2044 ve (2 xvfive) + (0 x_one) 10
j - 2lave : (2 x five) + (1 x one) . 11
2244 ve (2 x five) + (2 x one) 12
. 2355 ve \;(2 x five) + (3 x one) 13
24f1§e (2 x five) + (% x ope)’ 14
30¢4 ve {3 x five) + (0 x one) 15
3oy e - | 13 x five) + (1 x one) 16
35
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'1  3. (continued)’

Numeral in Base five  Expanded

\/& o 32f1ve (3'x fiye)
3Bpive (3 x five):
3uf1ve (3 x fivg)

Five (4 x five)
41f1ve (4 x five)
uzfivk (4 x five)
4344 ve (4 x five)

ufive. * (¥ x five)

+

+

Form

(2 x one)
(3 x one)
(4% x one)
(0 x one)
(1 x one)
(2 x one)
(3 x one)
(% x one)

‘The subscript "five" in the first
-five 1s included only for emphasis, since "4" represents the same
'number, whether the base 1s five or ten.

Numerals 1n Base ten
, i7 .

18

19

20

21

22

23

24

four numerals in base

Answers to Exercises 2-l4p

1. 132five
2. 124five
3. 211five
7. ° Quarters . Nickels
a. 2
b. ” )'"
Ce 1
d. 1
€. 2 1
f. 3
- g. b 3
h. L L

8. a. 23five

o. uofive
. . €. 104five
dh 1hlgy

u.

5.
6.

320

200

Qe
bo

Pen

213

300

k31

iy

five
five

twenty-£flve

125

nies
3

five
five

five

five

or 5x 5x 5
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.
Answers to Exercises 2-%4c

- powers
_a;- X _b. X >4 Ce X) x
X - X x| x
x x| x| x
x’ x| x
. X X
a. 9
b. 16
Te. 13
a. (1 x five) + (3 x one) = 8
b. (2 x five) + (% x one) = 14
c. (3 x five) + (2 x one) = 17
d. (4 x five) + (0O x one) = 20
e. (1 x fiveg) + (2 x five) + (3 x ohe) = 38
f. (3 x fiveg) + (1 x five) + (2 x one) = 82
g, (2x fivea) + (2 x five) + (2 x one) = 62
h. (% x five®) + (0 x five) + (3 x one) = 103
i. (2 x fives) + (1 x fiveg) + (3 x five) + (4 x one) = 29k

a. 3 tWenty—fiéee, or 3 X fiVe2 or 2 X five x five,

~b. 3 % five
‘cse 3 X one

d. 3 one hundred twenty-fives, or 3 X five3 or

3 x five X five x five.

There ﬁay be many suggestions. ﬁere is an opportuhity for
ingenuity, though names should suggest meanings. The
suggestion of one class of students was gofive = twofi;

3°f1ye = thrifi; 40py ve = forf;; 1004, o = Fifi  (Give it
the French pronunciation.)
8. 1000s3ve Be MOpsye ce #0002y e

37
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8. 13'yéars old; 20 guests; 62 hamburgers; 48 doughnuts; 7 quarts
of ice cream; 50 bottles of pop; 8 otclock; 77 cents.

*9, a. 6, 1%, 32, %0
B “st digit divisible by 2 (or even)

“ee HpiNer  lpgyer 22p4y0s 1234

d. Sum of the digits is divisible by 2.

If this property of divisibility of base five numerals is
not .apparent to students, they should be led to investigate more -
fully. Awareness .of the property will not only be enjoyable to
the student, but will aid him later in discovery of the test for
divisibility by 3 1in decimal numerals.

#10. a. 20, 30, 50
b. Last digit 1s zero.

ce. 20fivef 30p4 yer 4ofive

d. Last digit 1s zero. .
e. A digit.in the one place shows the number of objects not
" included 1n any group, no matter what base 1is used. In
base ten the final zero shows no remainder when grouping
by ten 1s done; in base five the final zero shows no =
remainder when grouping by five 18 done. '

 2-5. Addition and Subtraction in Base Five.

Computation with base five will probably be more difficult
for the students than counting or writing numerals. The explana-
tory paragraphs in all the computation sec¢tions should be pre=-
'sented by the teacher or read through with the class to be sure
that all the steps ére clear. Exercises should be assigned as
homework only after enough élass discussion has clarified methods
of procedure for the pupills.

~ Addition in base five 18 undertaken to clarify addition in
decimal notation. Some of the newer elementary school textbooks
prefer to use the word "change" or "r;group" rather than "borrow"
or "carry" since the first two words seem to describe the actual

process better than the last.

.
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‘" Point out to the pupils that in Wofking in base ten it is
~ often necessary to regroup ten ones as one ten, whereas in base
“five we regroup five ones as one five.
As pupils use the addition table for subtraction, they will
observe that sub“.action is the invérse of addition.
In computing with base fivé, pupils may £ind writing the
subscript "five" irritating because it consumes ‘so much time. It
has been written in the student text for emphasiig\tut any
agreement made by the class as a means of indicating the base
should be satisfactory.

Answers to Exercises 2-5a

1. Be sure that pupils understand the construction of th
addition table for base ten:

Addition, Base Ten \\

T Tol1lz2 131556 ]7]8 9]0 - -
0 1]l2 (3 |4]|s5|6|7]|8 9|10 '
1 i34 ]s[6f7]8]9 |0]11

2 2 |3 51617181910 [11]12

3l 3|4l s 7|89 10|11 |12 |13

n LbIs |67 9 110 |11 |12 |13 | 14

5 5167|8109 11 (12 |13 |14 |15

6 671819 [io |11 13 1% 15 |16

7 | 71819 |10 [11 j12 |13 Y |15 [16 |17

8 8 | 9 |10 |11 [12 {13 |1% |15 17 | 18

9 9 {10 [11 }j12 [13 |14 [15 J16 |17 19
10 -f 10 {11 {12 |13 [14 |15 |16 |17 {18. |19

If pupils know the facts, no time should be wasted on the
table after its characteristics have been discussed.

2, Pupils should be helped to observe the symmetry of tiie table
with respect to the diagonal. - They will notice that
8 + 6 = 6 +8, for example, and that this is true for any
pair of numbers. Later they will learn that this is the
commutative property of addition. The word "commutative"
should not be used at th_: time.

39
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- o _ ‘Addition, Base Five
+ 0 1. 2 3 b 10
0 1 2 3 4 10
1 1 s 3| % [ w |1
2" 2 3 [ 10 11 12
3 3. ) 10 12 13
4 by 1o | 11 | 12 14
10 f 100 | 11 | 12 | 13 | 1¥

There 18 no value in memoriéing this table.- The process 1is
more important than the facts. The point to be emphasized 1s
that numbers and number properties are 1lndependent of the
numerals or symbols used to represent the numbers., Commutativity
holds in base five as well as base ten because it 18 a property
of numbers, not numerals. )

The table should be kept in the pupil's‘notebook, or a
wall-chart may be made for reference wher subtraction exerclses
are done. '

4. Discussion should include observations such as those mentioned
for the base ten tabvle.

5. In each case (10 and 1Of1ve) the "1"' shows one of the
base collection. The 13 therefore 1s one ten plus three,
while 13 i8 one five plus three,

five
6. 20,, = ten and 20 = twenty, but in each case the "2"

shows the result of adding two of the smallest. groups.

¢

o Answers to Exercises 2-5b -

1. 3uf:Lve = 19 5. uoufive = 1ok

2. &2f1v3_= 22 6. 40044, = 100

3. 43f1ve = 23 o Te 130py4e = MO
:L
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«

9. ,a‘ ufive
o .‘b‘ 3rive
Cs 2five
de 3.

10. a. “:1vei
' b. &

-

Answers to Exercises 2-5¢

bﬂ eufive = 14 e. 22 ive = 12
. Coe lgefive = 37 f. 121five =‘36

2. Add 27 and 36. The result should give the minuend, 63.

3. . Answers will be minuends of 1(a), (bv), and (c).

‘2-6. . Multiplication in Base Five.

. The extent to which this section and the one succeeding it
are used will vary with the class. For goodvsuudents, the two
harder processes wiil be challengIng; and will give an opportunity
for discussion of reasons uhderlying the algorithrs of multipli-
cation and division. On the other hand, if addition and sub-
traction have been very difficult to motivate for a group of
children, it may be better to omit these sections 6r_to’use
them only for demonstration.v Ability to compute W1tﬁ base five
numerals has no value in itself.
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Answers to Exercises 2-6a

Multiplication, Base Ten
x 1ol 2 3 4 5 1 64 7 8 9 |10
0 0 o) o | o o] 0 0 0 0| o
"1 0 - 2 3 4 5 6 7 | 8 9 |10
2|l o 2 6 8 [10 |12 1% |16 |18 [20°
3 0] 3| 6 |12 |15 |18 |21 |24 |27 |30
b 1o 4 8 |12 20 |24 |28 [32 |36 |40
5 | o {5 10 [15 |20 [™25 [30 |35 [% |45 |50
6 o 6 (12 |18 (24 |30 [ bp | 48 |54 |60
7 | o | 7 1% J21 [28 [35 |4 Tug [56 [63 |70
8 | o | 8 [16 |24 |32 % |48 |56 64 |72 |80
9 0 9 |1B {27 |36 |4 |54 |63 |72 8L |90
10 [ o 10 |20 [30 [b% [5 [60 |70 [80 |90 |

b. (1) The product of O and any number is zero.
(2) The product of 1 and any number is the number
itself. “
(3) The order in multiplication does not affect the’
- product.
(%) The products marked by the diagonal line are
second powers of the counting numbers. ’
(5) The successive products in any one row or column may
be found by adding the same number one more time.
c. Yes, |
~d. U4; yes.

42
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3'

8.
' Multiplication, Base Five
' X 0 | 1 2 3-1 % |10
0. Fo]o | o] o] o
1} o 2 | 3 | ¥ |10
o 2 ]o 11 {13 |20
e 3 o |3 |11 22 | 30
N RN ER ko
10 o l10. {20 |30 |40

Study of this ‘table is valuable for the additicnal insight
© it affords into the understanding of multiplication. There 1s
no saluefin'memérizing 1t. The table may be used to emphasize
that division 1s the inverse of multiplication.

b. Discussion as for Problem i(v). -

c. Yes
d. 112, =201 : .
L, PBase five is easler, because there are fewer products to be
‘learned. |
C | *Answers to Exercises 2-6b S
1. 44f1ve,= 2k _ 6. 1322, . = 212
\?Q 1324, . '= 42 o 7. 2021, . = 261
. 3.5 lulfive = )"‘6 ’ *g, gluufive = 299 ,
4ﬁ»:212five = 57 *9. 303134y, = 1958
i " )
| A32py e = 117

#*2.7, Division in Base Five. »
Since.division 1s the most demanding operation, it is

_ suggested that teachers regard the topic as optional and do
only as much as they Judge appropfiate, in class discussion.

Pupils may‘need'help in learning how to use the multiplication

43
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table to find division facts. Exercises are included for those
pupils who wish t¢ attempt them. :

*Answers to Exercises 2-Ta

I. a. 2 c. H e. 2R2
b, 4 ~d. bR2 f. 4R 3

2. a. ulfive

b. gufive
c. 242 R 24 o
d. 23pyye
e. 33 R 12five

-Arswers to Review Exercises 2-7b

1. a. (3x fiveg) + (0 x five) + (2 x one)

b. (1 x tenz) + (6 x ten) + (7 x one)

2. 302 = T7 167 is larger.

five
3. a. 11l o
b. 340five

b, a. 23546

5. a. 2024 .
be 2344 0
6. Room 123; book 7: 15 chapters; 394 pages; 32 pupils;

5 times; 55 minutes: . 13 girls; 19 tuys; 11 years old;
66 inches tall. +

7. a. 37; 136; 87; :»; 28; 3278; 13; <.

b. 10‘111five
c. 1u46
be .
d. 'gfive’ 22
4y "

ol St

A
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2-8. Changing Declmal Numerals to Base Five Numerals.
Ask for the highest power of five which 1s contained in the

num! r given in base ten numeration. For example, consider 283.
Is five4 (or 625) contained in 2877 Is flve> (or 1£5)? After
we have taken as many 1<5's as possible from 283, how much re-
mains? The next power of five is fiveg. How many 25's are
. contained in 33? Finally, how many 5's and how many 1l's are

left?

1
Answers to niercises 2-8

+2 = 3% ve

. 17 =

a (7 x 5)
c. 68 = (2x 25) 4+ (3 x 5? + 3 = 2334, 0
d. 75 = (3 x 25) + (0 x 5) +0 = 30044 ve
e. 92 = (3 x 25) + (3 x5) +2 = 33244 e
¥P, 185 = (1 x 123) + (2x 25) + (1L x 3) + 3 = 121304 e
Z. a. aufive d.  ellg, o
b. 43five €. 3llfive.
c.. 122 £, 1002 ‘g, 20224, o

five five

2-9. Numerals in Other Bases.
Bring out the idea that the base of the. system that we use

is "ten" for historical rather than mathematical reasons. Some
mathematicians have suggested that a prime number such as 7 has
certain advantages. Tr. Duodrcimal Society of America, 0
Carlton Place, Staten Island 4, New York supports the adoption
of twelve as the bent number base. Information about the duo-~
decimal system is furnished by this society on request. Exer-
cises Iln other number bases help establish an understanding of
what a positional, power system of numeration is.

‘nz Binary and Duodecimal Systems
The use of bihary notation in high speed computers is well

known. The binary systen. is used for computers cirnice there are
only two digits, and an electric mechanism i either "0On'" or
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"OFff." Such an arrengement 1s called a flip-flop mechanism. A
number of pamphlets distributed by IBM, Remington Rand, and
similar sources may be obtained by reguest and used For supile -
mentary reading and study. "Yes No - One Zero" published by
Esso Standard 011 Co., 15 West 51st., New York 19, nNew York is
availéble for the asking only 1n states served by Esso. )
Foi a discussion of a binary computer see Teachers! Commen-

tary Vol. 1, Part 1, SMSG Matheratlas f:r Junior High School,
po. 3u-L0,

It should be of interest that the sum 11001 + 110 looks
the same 1in the bina:r. system, decimal system, and, in fact, all
positional numeral systems. The meaning, however, 18 quite
different. ‘

The base two has the disadvantage that, while only two
different digits are used, many more digits are needed to express

numbers irn binary notation than in decimal, e.g.,
2000 _ = 11,111,010, 000,
‘ vern two
dere 1s a set or cardy witleh can be used In a number triclk.
I
A 1 ) = Iy
T = 2 10 1% 2o 12 <0 28
3 11 1 11 19 ey 5 1 <l 29
5 1v 21 =3 o1 £z 30 o 14 2e 20
2 iy 23 31 ! el =1 | 15 23 31
] 1< 24 an 15 20 24 28
R 13 Py 2a 17 21 2 29
10 14 o : 1% 2e 25 30
g}l 1 S c1 ] 10 23 27 31
Us.ny "the rlrst {20 -apin, tell a person to choose a
nurhes v ween Loand 17, o plok cut the cards con-
t=ining that rnnanber and %o «ive them to you. By add-
ir - the numbers ai ... "o of the cards he jgives you,
you ¢t tell hilm the numbir he crniose. tiote tnat the
mmeral. at the'top of e ocards reprecent the povers
of twi. in proverse orior.
L5
N

ERIC

Aruitoxt provided by Eic:
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! By using all five cards, you can pick out numbers

. from 1 to 3l. The trick is based on the application
of the binary numbers. Further information may be found
in the following volumes:

Jones, Philip S. Understanding Numbers: Their History

ind Use
Merrill, Helen A. Mathematical Excursions
Swain, Robert L. Understanding Arithmetic

If you havé a peg board and some match sticks, you can
represent base fwo numbers on the board. Leave a hole blank for
0O and put in a match stick for one. Represent two numbers on
the board, one below the other, and try adding on the board.

The twelve system uses two digits more than the decimal
system. From some points of view twelve is a better‘choice for
a base than ten. Many products arc packaged and sold by the
dozen and by the gross. Twelve 1s divisible by 2, 3, 4, and
6 ‘as well as 12. Ten is divisible only by 2, 5, and 10.
Because it employs a larger base, large numbers may be represented
in base twelve with fewer digits than smaller bases require.

For example:

TOE 1451

‘twelve ten

Answers to Exerclses 2-9a

‘l. a. The numeral Says there are two groups of seven and six
more.
b. two, six, base seven
c. twenty

2. 22three > 5Oseven
3. 3haie P e
. L, 16twelve o Elgthree
8. 10r1ve’  Oseven’ llfour
9% 13p1ve 1lgeven' “Pfour
47
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10. _2lf1ve5 luseven; 23tour
11. 3Ofive5 2lseven’ 33four
12. uufive; 33seven’ 120four
Answers to Exercises 2-9b
1+ 35geven

2. a.(fi X X X X X X)X

b. (X X X X X X XX X X X X X X)X X X X X

3. Base ten 1.2 3 4 5 6 7 8 9 10 11 12 13 14
3 4 5 6 10 11 12 13 1% 15 16 20

Base Beven 1 2

ten 15 16 17 18 19 20 21 22 23 24 25
seven , 21 22 23 24 25 26 30 31 32 33 34

L, 49

5 15seven

6., 6

Te &. 55 b 126 o, Ly

seven ' seven seven

8. one, seven, forty-nine
three hundred forty-three

Answers to Exercises 2-9c

1. Base ten 15 16 17 18 19 20 21 22 23 24 25 26
Base twelve 13 14 15 16 17 18 19 1T 1lE 20 21 22

ten 27 28 29 30 31 32 33 34 35 36 37 38
twelve 23 24 25 25 27 28 29 2T 2E 30 31 32
ten 39 Yo k41 42 43 k4 45 L6 47 48 Lg 50
twelve 33 34 35 36 37 38 39 3T 3E 40 41 42
Y 2. One hundred forty-four .4, 83; 125; 131; 58
3. ButWelve 5. base twelve

6. one, twelve, twelve® (or 144)
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Answers to Exercises 2-9d

1. a. 1¢ b. 5. ce T d. 10 e. 2

3. a. two x two = four
b. five X Tlve = twenty-five
c. twelve X twelve = one hundred forty-four.

y, a. Addition, Base Two b. There are only four
+ . 0 1 adéition facts.
0] 0] 1
1 1 10

5. a. Multiplication, Base Two b. There are only four

X 0 1 multiplication facts.
0 0 0 ¢c. The two tables are not
1 0 1 alike, except that 0 + O

and O x ¢ both equal O.

d. The binary system 1s very simple because there are only
four addition and four multiplication facts to remember.
Computation 1s simple.

e. - Numec;als tor large numbers are too long.

6. a. 111,
be 11004,
7. Ten Two Five Eight

1 1 1 1

2 10 2 2

5 101 10 5

7T 111 12 7

15 1111 30 17

16 10, 000 31 20

32 - 100, 600 112 %o

6h © 1,000,000 . 00k 100

256 100,069,000 2011 koo

ug
G
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*3,

10.

a.

b. '.

Ce

dI

2k

ten; 33seven
32five; 15twelve .
62ten; 332four

llOlltwo; lOOOthree’

In the octal system, each digit corresponds to a group of

a.
b.

_ three places irn the binary system.

7 2 6eight
— ., o~

111 010 llOtwo
weights; 1 oz., 2 oz., Y4 oz., 8 oz.

rive weights, those listed in "a" and 16 oz.

Chapter Review,

- Answers to Exercises 2-11

Two thousand, thirty-five

Fifty-six thousand, two hundred eight

Eight hundred seventy-six million, five hundred thousand,
two hundred ten

32 b. 251 c. 19 d. 900
(2 x 10%) + (3 x 10%) + (1 x 10) + (¥ x 1)

(1 x five3) + (3 x fivee) + (0 x five) + (¥ x 1)
(1 % twog) + (1 x two) + (1 x 1)

(1 x seveng) + (2 x seven) + (6 x 1)

true except (d).

625 c. U9 e. 6k g. 32
16 d. 27 f. 10

Base 20; 87 years.

50
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9. a. three d. six
. 8lx ' e. nine
¢. four
10. a. twelve b. seven c. five d. two

11. Since there are only five symbols, we assume that this is
a base five system. Therefore DCBAO = (4 x 625) + (3 x 125)
+ (2% 25) » (1 x5) +0 = 2930. A rare student may point
out that anv system with base of five or more might use
these symols for tne numbers from zero to four. In such

)

‘.cases, w¢ woruld Gt 1 ¥ the value of DCBAO without

further i1~formsatios. .

2. 1 2 3 4 = =~ 7 8 9 10
AL B C Y A &\ AB AC AD BO

11 12 13 1% 5t 1b 17 18 19 20
BA BB BC BD CC <& CB CC CD DO

51 /2




Sample Test Quescions for Chapter 2

Part I. True - False

1. The 3 1in 356, ., stands for three hundred.

2. 10" means 10 x 10 x 10 x 10. ‘

3. The numeral 8 means the same rumber in the ten system
and in the twelve system.

4L, The smaller the base; the more basic combinations there
ar: 1n the multiplication table. _

5. The fourth place from the right in the decimal system
has the placévvalue '105. . ' . .

6. In base two numerals the rumber after 1CO is 1000.

7. We can make a symbol to mean what we wish.

8.  When we "carry" in additlon the value of what is carried
depends upon the base. ‘ ,

9. A number may be written in numerals with any whole number
greater than one as a base.

10. In the symbol 63, the exponent is 3.

11. 513Six means (5 X s8ix X six x six) + (1 x six x six) 4+

(3 x six). y
12. The 1 1in 10,000 (base two) means 1 x 2 or sixteen.
13. The following numerals represent the same number:

183 363 lQ338ix.

eight’
14, In base eight numerals, the number before 70 is 66,

15. Four symbols are sufficient for a numeration system with

twelve®

base five.

16. In the base four system 3 + 3 = 1le0ur

17. When we "borrow" in the twelve system as in 157 - 6E, we
actually "borrow" twelve. '

18. In the Egyptian system a single symbol could be used to

represent a ~ollection of several things.
19. , The Roman numeral s8ystem had a symbol for zero.

52
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: Part II. Completion

1.. In decimal numerals 1utWere is .
© 2. MCXXIV in decimal numerals 1is .

3. The decimal system uses different symbols,

4, In any numeration system, the smallest place value is

5. 629,468,000 written in words is

6. The number represented by 212, ., s _____ (even, odad)
7. In expanded notation” 5,678ter'1s .

8. 213f1ve + 312f1ve F ——five

9. Multiply: 32four X 3four = .

10. llOOlltwo = ten®

11, The numeral uuufive represents an (even, odd)

‘ 12, Add: 6eseven + 16seven = .

"13. 13, = two '

14, The numeral after 37eight is . Lght

15. The largest possible number that can be represented by the
' digits 5, 6, 7, and 0 is .
16. The smallest possible number that éan be represented by the
. digits 5, 6, 7, and O is . .
17. The largest number that can be representei without
. exponents, using only two 4t's is .
8. Write this numeral without exponents: 5°__

19, The numeral immediately before 1000 is .

two

20, Subtract: uefive - l“five = .

- : Part III. Multiple-Choice

~I. 1In which of the numerals below does 1 stand for four?

aj 21four

b. 2leight

53
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c.
d.

€.

1Ootwo

lozthree

None of the above 1s correct.

In what base are the numerals written 1f 2 x 2 = 109

a.
b.
c.
d.

e.

Bage two

Base three

Base four

Base five

All of the above are correct.

A décimal numeral which represents an odd number is:

a.

b.

C. -

d.
e.
If

461,000

7629

5634

9,000, 000

None of the above 1is correct

N represents an even number, the next consecutive even

number can be represented bv:

a.
b,
c.
d.

e.

N

N+ 1

N+ 2

2N

All of the above are correct,

Which numeral represents the largest number?

a,

b.

43five

212t;hree

10110two

24n1ne»

10

twénty-five

Which 18 correct?

-

b..
c.
d.

e.

54 5+5+5+ 5

43 _ b by b ;
s o b hx Box b ox b

23 - 2x3

None of the above 1s correct

N

54

e
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Te 6120nine 18 how many times as large as . 612, .7
a. twelve d., five
b. ten e. None of the above

¢s _nire 1s correct.

~;8. In which base does the numeral 53 represent an even number?

a. twelve c. elght
" b. ten d. seven
e. six

' Answers to Sample Test Questions for Chapter 2

Part I Part II Part IIIL
True-False Completion Multiple Choilce
l. False 1. 16 1. ¢
2. True 2. 1124 2. ¢
" 3. True 3. Ten 3. b
4, False 4, oOne I T
5. False 5. Six hundred twenty- 5. e
6. False hundred sixty-cight 6 P
7. True thousand 7. ¢
8. True 6. 0dd 8. d
9. ' True 7. (5% 10%) + (6 x 10°) +
10. True : (7 x 10%) + (8 x 1)
11. False 8. 1030five
12. True
13. False > 222four
14.. False 10. 51
15. False 1l. Even
16. False i2. Mlgven
<17 True 13. llOltwo
L. True 14, uoeight
19. False 15. 7650
16. 5067
i7. i
18. 125
14g. 111two
20. 23f1ve
55
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CHAPTER >
WHOLE NUMBERS

3-1. Introduction.

This chapter is designed to help the youngster grasp the
concept ¢ < counting and the properties which govern the funda-
mental operations with thre counting numbers and the whole numbers.
The new vocabulary has been introduced so that student and
teacher may communicate more efficiently and effectively. Con-
tinual classroom usage of such words &s commutative, assoclative,

_ distributive, and inverse siould help to make these an integral
~ part of the student's mathematical vocabulary. ‘'There are a large

number of exercises so that the student will have an oppertunity
t6 practice these new concepts and also maintain a satisfactory
level of achievement with the manipulative skills. Small numbers
have purposely been used in many of the exercises so that complex
arithmetic operations will not intérfere with the student's under-
standlng of the properties with whien he will be working.

It is estimated that 22-25 dcys wlll be required to cvne

" plete this chapter.

3-2. Sets.
fmphasis here is placed. upon the meaning of set. The con-
cept of set has been lntroduced to facilitate the definition of

counting numbers. This same concept will alsc enablie us to
define closure more adequately, and to discuss the properties of

" the counting numbers and of the whcle nuwrbers. It 1s important

that the student comprehend this concept for later use with non-
metriec geometry, prime numbers, and all of nhis work this year.
The class will enjoy talking about such sets as:

a. the set of brown-eyed boys in the room.

b. the set of blue-eyed girls in the room.

c. the set of girls over &£ feet 1n height who are 1in the

room.
The teacher may wse numerous 1llustrations. to indicate tnat

a set may have any number of elements.
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There has been no attempt to discuss tre unicn and inter-

section of two or more sets. Intersection will be ideveloped In
Chapter !, NdN-METRIC GEOMETRY I, and unilonm in Chapter 7,
NON-METRIC GEOMETRY II.. It is suggested that the teacher avold
these concepts at this time, sincz our objective iu mereiy o

introduce the meaning of a set.

N

WO

—
-

(@) N

@ -

may be described corrsctly in

possible descrip:ion

Answers to Discussion Exercises 3-22

There are many such words with which the studen: is clreedy
famillar. Some of tnese might be:
a. pack of matches swarm of bees

b. baseball team £. fapily of people
c. my gang . g. éégr of curf links

d. <flock of shieep h. herd of cows

[

Set of chalrs, set of desks, set of windows, set of tooks,
o]

set of boyz, set of girls, are juzt a2 fow ¢® Lhe many

examples which might be mentioned.
Set of dishes, set of Turniture, set of siiverwere, uec ol
speons, setv of closets, zre Just z few

Answers to Exercises 5-Zb

M =~ {April, August)
D = {Sunday, Sa*urday)
Tnere are many pousible znswers which

S = (Maine, Maryland, i“innesota, lisso
Montana, Michigan, Mausachusetts)

€
There are many correct zolutions depernding upon 5w
5 > “

-particulasr czcnool.
R = {10, 12, 1", 1%, 16, 20, 22, 2%
A= {vi, x, y, z)
B = (25, 23, &7, 29, 31, 33
In the [ollowling exercices 1t _hould te nited that ozoh ces
£ : So0ne wal Only ane

Jor
o
I
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9. The set of capivals of the United States, England, and France.
10. 'The set of odd numbers greater thar 11 but smaller than 19.
11.  The set of current American colns less than one dollar in

value. '
12, The set of the first 6 letcers of the alphabet.
13. Tne set of numbers from 3 to 21 1inclusive, which ire
_ exactly divisible by 3.
14. The set of states whose names begin with A.
15. The set of one-dlgit numerals.
1&. The set of all odd numbers from 2 to 9 inclusive.

3-3. Counting Numbers.

The teacher should strive to develop understanding of the
following concepts:

1. The number of members of any set can be found T
matching the members of the set with the membexr of
some standard set. This is a clumsy method if the
number of members 1is large since the standard sets
must themselves be large. The best known way of find-

‘ing the number of)members of a set, then, *'s by match-
ing the members of the set with a memoriz.. set of
sounds representing the counting numbers.

2. The counting numbers are represented by the se-
{1, 2, 3, 4, ...} and do not include zero. Tne
counting numbers are often called natural numbers

and the teacher may wish to point this out to the
student. We have chosen to use the name'counting
number"since it is already familiar to many members
of the cless.

3. The counting numbers ard zero constitute the set called
the whole numbers. It is necessary that the students be
fully aware of the difference between the set of count-

ing numbers and the set of whole numbers to avoid
difficulties‘later when working with the properties of
operations.
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The idea that we want to get acrcss here is that by ccocunting
‘we have a set of numbers that "matches” the objects. The one-to-
one correspondence 1is a pairing ojfwthe things we are counting with
a subset of the counting numbers. The set of all counting numbers
never ends, but the counting of obJects does. When we have two
finite sets of obJects that have the same number of elements, we
can'pair ther so that each element of set A corresponds to
exactly one elementAof set B and each element of set B corres-

“ponds back to that element of set A. *

!

Answers to Exerciscs 2-2

i. a. {North America, South America, Africa, Europe, Asia,
kastralia, fAntarcticn’

b. (Atlautic, Pacif*-~ 7 ;:an, Antarc‘’c, A...i7)

c. 1, 2, 5, 7, 9, L ., 15, 17, 19}

a. (1, 2, 3, ..., 10y

e. {0, 1, 2, 3, )

f. {lMonday, Tuesday, Wednesdey, Thursday, Friday, Saturday,

Sunday)
h. (1, %, 9, 16, 2%}

2. Yes. 8 was left out.

3. a. 0O and 11
0, 2, =, and 11

*.0017

f :' i
Z. The following shows a one-to-one correspondence between .the

counting numbers and the oven numbers,

L
e
+
=

~

6. He subtracted 27 from 81. The correct answer is (&

60
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3-4, Properties of Operations.

The principal objectives in the study of the commutative,
assoclative, and distributive prcnerties are to have the pupils
understahd the statements in mathematical language; to dis-
tingulsh one property from another; and t., recognize the one,
or‘ones, that may be used in various exercises. These are ﬁot
rroperties that are belng proved. The pupils have used them
" for a long time, but they probably have not had names for them
and have not recognized when they have been using themn.

3-5. Commutative Property.

Thgbéxercises are designed to help the student discover that
both addition and_multiplication are commutative operations, but
that subﬁrdction 18 nct commutative nor is division a commutative
operation; To help cement the commutative property of multi-
plication, 1t might be helpful to arrange stars on a cardboard

in the following manner:

-

* X K K X
* K * X X
E R R

* X ¥ X ®

This arrangement shows 4 pows of 5 stars in a row. However,
by rotating the cardboard 900, the arrangement will show 5
rows of 4 stars in a row.

The meaning of such new symbols as <, >, #, =, are
to be discovered by the student. However, an opportunity has been
provided for the teacher to insure that each 1 .mber of the class
.1sL1n agreement on what these symbols represent.

Since it is impossible to list all pairs of numbers in
addition and multiplication, 1etters have been introduced to
generalize the commutative properties for addition and multi-
plication. "ne large varlety of exercises should lead naturally
into this generalization provided the student understands thatb

letters may represent any number whatsoever.

Y
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Other examples of commutative activitles might be: )
Tb wash your face and wash your *hair.
To go north one blotk and then west one block.
To count to 100 and write the alphabet.

Other examrles of activities which are not commutative:
To put out the, cat and go to bed. (

- To write a worg and erase that word.

s

o

Answers to Clags Exercises 3-5a°

1. a. 3 . 4. 3 | g. 9 *j.. b
b. 24 e. 6 ‘ h. 6 *%., d
+ ¢, 82 - f. 2 *1; a *l, ¢

2. . The results in parts a, b, ¢, and d remain the same.
The others change beeause the commutative property does
not hold for division and subtraction. '

3. a. No., Addition ie commutative.

b, No. Multiplication is commutative. T

c. Yes. Subtraction is not commutative.
d. Yes., Division .is not commut: +ive.

~

Answers to Exercises 3-5b

1. Addition and multiplication are commutative. Subtraction
and division are not. )

2. The activities are commutative in parts a and d.

3. a. 63 b.,57 c. 79° d. 1051 . e. 1481

v

. ) . ‘ \
b, a., 782 b. - 800 c. 5073 d. 183,314 e. 5U43,648

Arrswers Eg_Eiercises 3-5¢

1. 2. is less than 6 or 2 1is smaller than 6.
‘2.3 times 7 ‘equalsh 21. B

- 3. 3 1s'not equal to 2:.
4, .8 1is not equal to ‘1l.-

0y

- i .
- - "\
N .
! ’
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5. 1% plus 15 1s les: than 16 plus 18.

6. 8 times 25 equals 20C.

7. 92 1s greater than 25. N
8. 9 times 8 equals - 72. ' :

i 9, 4 1s not equal to 17.- . g

f 10. 11 *ggntreaterlthan 6.

[ 11. 19 minus- 17 1is less than &. .

?. 14 divided by 7 is less than 2. : )
13. 16 is greater than 8 and 8 1is greater than 2. .
. 0Or, 8 is between 16 and . 2.

1%. 3 1s less than 10 and 10 is less than 1):

Or, 10 is between 3 and 1.

. h Answers to Exercises 3-=d
-~
1. = 5. < 9. = 13. >
2. > 6. < 10. = T
3. > 7. = 110 >, > 150 >
b= . < 12. <, < 16, <
Answers to Exercises 3-5e :

1. {6} e, f{o, 1, 2, 3, 4) 9. set of whole numbers
2. {5} 6. ') 10. (0, 1)

5. {1} . 7. {0, 1, 2, 3, &, 5} 11. (9]

‘4, (o0, 1} 3. {o, 1, 2, 3, 1] 12. {8)

13- {O, l: .2: 43: L:‘J 5: 6: V/J 8]
14, Set of all whole numbers.

3-6. The Assoclative Property.

Have the students usepblocks or disks to make such arrange-

ments as i
h . * % % * * T

63 2
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Have them push the first two sets together and count the
" total (3 + 2) + 4.  After re.rranging, bive them push the second
two sets together and count the total 3 + (2 + %), Use sufficiert
variations of this procedure to lead to the understanding that ’
(a+b) +c=2a+(b+c) where a, b, and c are any whole

numbers. .
Then ask: Is the product (3 « 4) . 5 equal to the product
3¢ (4 - 5)? '

This may . be illustrated by arrangihg‘a set of 20 Dblocks
in a rectangular array, % by 5. Then put two layers of 20 .
blocks each on top of these forminr a box arrangement. Look at
1t in different ways to see (3 » 4) . 5 and 3 - (4 - 5).
Different boxes may be made to illustrate 2 « (3 » 4), (2°3). 4
and many others. Agailn, emphasis is upon arrival at umderstanding
that a « (b * c) = (2 < b) » ¢ where a, b, and c are any
whole numbers. . '

Sﬁfficient exercises have been provided =zo that the student
will soon realize that there is an associative property for
addition and multiplication, but not for subtruction and division.

It is suggested that part 5 of Exercises 3-6¢c be done in
class to assure maximum understanding.

' Point out some operations or activities which are not
associative and have students suggest others.

L

Answers to Oral Exercises 3-6a

1. 11 +2 =144+ 9 3. 3% 416 = 41 4+ ¢
‘13 =13 50 = 50

2., 119 + 98 = 46 + 171 B L, 21'4+ 9 =26 4+ 4
217 = 217 30 = 30

5. The assoclative property 1s used in these examples.

2N

ey

LS
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Answers to Exercises J-6b

10 + (5 + 3)
=10 + 8
= 18

b. (30 +3) +6 =230+ (3 +6)
- 30 4+9
= 39

c. (70 +2) +5=7T0+ (2 +5)
=T0 + 7 ) ;
= 77 ! .
de (90 + 6) + 7 =90+ (6 +7)
. =90 + 13
= 103

1. a. (10 + §) + 3

+°

e. (30 + %) +2 =230+ (4 +2)
=30 + 6
= 36

2. a. (51 +9) +22 =82
b. 16 + (25 + 25) = 66
c. (311 + 89) + 76 = 476
d. 15+ (14 +16) = 45
e. (23 +17) + 18 = 58
£. (2% + 6) + 87 = 117

/

Answers to Exercises 3-6¢c

1/ a. 7 -1l2=21"4 c. 21 - 15=63 5
o 84 - 84 315 = 315
b. U5 - 2=5-18 d. 9+ 16 =18 - 8
90 = 90 44 - 144
‘2. a. Tk b, b2 e, 79 . 6
3. a. No b. No ¢c. The assoclatlve property

does not hold for subtraction.

"_I [
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4, a. No e. 80+ (20 ¢ 2)
b, No _ £f. (80 + 20) + 2
c. (75 + 18) + 5 g. The zssociative property

d. 75 + (15 + 5) dces not hold for iivision.

5.. It 1s suggested that these exércisés be Gone orally if at
all possible. . :
a. 16 c. 1080 e. 7600 g. 670
b, 260 d. 22 f. 922 h. 2'6

‘ . .
- 3-T. The Distributive Property.

§

Emphasize that the distributive property is thevconnecting
link betWeen the two operations of addition and multiplication.
However, multiplication is distributive over additlon but addition
is not distributive over muitiplication. This says that
a+(b+c)=a-+b+a-c, Wecannot do anything to simplify
a+@ - c); that 1s, a + (b + c) 1s not equal to (a+b)-(a+c).

° Blocks can be used in the following way. Lay out 2 rows
of 3 each and 2 rows of '5 cach.

* % ¥ o X X X

* % X * % X X KX

Ask: If we move these together, we will have 2 times what
number? When they move them together do they get 2 times 89
This can be repeated until they understand that

a. (b+c)=(a-b)+(a.c),
when a, b, and ¢ are whole numbers. Repetition of the same
illustration with different ‘numbers of blocks may be better than
‘dilfferent types of illustrations.

It 1s very important that the 'student grasp the idea that
the distributive property involves two operations§ namely, addi-
tion and multiplication. However, it is equally important that
the student realize that not all problems involving both multi-
plication and addition utilize this property. This fact is
brought out in Problem 1 of Exercises 3-Tb.

o
. U
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Use the distridutive property to help make mental computations
_ during class, such as: : '

7 ¢ (30 +2) = (7.¢30) + (7. 2)

T + 32 = = 210 + 14 = 224
.35 8= (3~ 5) =8 ¢ (30 * 8) + (5 ¢ 8) = 240+ 4% = 280
Answers to Exercises 3-7a
1. a. 45 ’ £. 60 _ \
b. 135 ; - Z. 30
c. 45 h. 30
d. 65 1. Us5-
e. 60 . 3. T2
2., a. b4 .12 =128+ 20 f. 30+ 18=6+8
48 - 48 4g - 148
be 18 + 24 =6 <7 g. 2 ¢ 20 = 24 + 16
4o - 4o , 4o = 4o
c. 48 4+ b2 =15« 6 h, 48 + 16 =16 *+ 4 i
9 = 90 64 = 6U
d. 23 ¢ 5= 46 + 69 1. 12 + 24 =3 » 12
115 = 115 36 = 36 X

e. 11 * 7 = 33 + 44
771 =17

3. a. 3+ (4 +3)
b. 2 (4% 5)

(3« 4) + (3 -3)

(2 + 4 + (2 * 5), There are other possible
answers, but only this
pair demonstrates the
distributive property.

(13 6) + (13 - &)
) =(2+3) 7
by = (6 +7) -

c. 13 ¢ (6 + 4)
de (2 - 7) + (3
e, (&0 W)+ (T

67
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b a. b e 29 b4 o3 f. 5+ (6 +7)
be 7 h44+7+6 g. 8 ¢« 14 4+ 8 . 17
c. 9 (8 +2) hs 6«54+ 13 ¢« 5
T d. 6 +13 4+ 6 ¢« 27 1. (5+ 4 .12
e. 12+ (5+7) Jo 3+« by .
“5e,8 (2 °°3)+(2+2) or 2« (3 +2)
be (3 ¢ ¥) +(3+3) or 3+ (4 + 3)
c. (5+2)+(5+3) or 5 (2+3)
de (3 1)+ (3+2) or 3+ (1+2)
e. (38 +(3+5) or 3. (4+5)
f. (5+3)+(5+5) or 5. (3+5)
_ g (5°7)+(5+8) or 5+ (7 +8)
p he (3 +10) + (3 +7) or 3. (10 +7)
1. (3°9) + (3 °17) or 3 ° (9 + 17)
Jo (7 1)+ (7T %) or 7+ (1+4)

Answers to Exercises 3-7b

l. a. 18 +9 =27 - d. 12 » 8 = g6
" b. 3 .15 = U5 e. 12 + 15 = 27
ce 5 +56=2061 fo T4+ 15 = 22

Parts a, e, and f do not use the distributive property.‘

2., a. Commutative prope-ty for addition.
b. Distributive property.
c. Assoclative property for addition.
. de Assoclative property for multiplication.
e. Commutative property for multiplication.
f. Distributive property.

3. 221,312

3-8. The Closure Property.

"Emphasis here 1s placed upon the meaning of a set closed
ur.der an operation. The student is already familiar with the
meaning of set and with the set of counting numbers and the set
of whole numbers, Here 18 an excellent opportunipy to review
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these concepts and point ou: once more the significant difference
between the set of counting numbers and the set of whole numbers.
Good examples of sets closed under addition:
The set of whole numbers.
The set of counting numbers.
Then ‘ask the class if these sets are closed under multipli-
cation. Under subtraction. Under division.
~ Emphasize that if Just one pair of counting numbers can be
found such that their difference (or quotient) is not a counting
number, then the set of .counting numbers 1is not closed under
subtraction -(or division). For example, 9 - 12 18 not a
counting number for there is no counting number which can be
added to 12 to get 9 and 12/9 1s not a counting number
" iince there 18 no counting number which can be multiplied by 9
to get 12. Since subtraction and division with two counting
.numbers are not closed, the need for negative numbers and rational

fractions now becomes apparent.
The commutative, associative, distrlbutive and closure

properties and the identity properties of 0 and 1, all of
which are encountered in this chapter, are very fundamental in
Modern Algebra. These properties are part of the small list of
axioms for high school Algebra from which everything else can be
derived. This axiomatic approach to Algebra is a fairly recent
development (dating back to the first decade of this century) and
until recently only a very few people have been familiar with it.
Becéuse of this, until the last few years, students were first
introduced to this approach to Algebra in a graduate course in
~ the university.

.It turns out that this allegedly sophisticated apprecach is
actually easier than the conventionsal ong:iﬁ that it organizes
and clarifies the subject. This method of presenting Algebra is

' employed at the ninth grade level in the various modern mathe-
matics  programs for the school-. ) '
| The axioms wWe are referriné to are tabulated below.
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»

. .C"Q
I. /Field Axioms. Aqéet of objects (numbers) R 1s caljed a
field, if, whenever a, b, and c¢ are in R We have:

Addition Multiplication
Closure a+b 1is in R a +« b is in R
Conmutative a+b=>b+ a a+*+b=".2a
’ Associative |a + (b+c) = (a+b)+ ¢ |a *+ (b.c) = (a+b) .+ ¢
Identity _. There is a number O There is a number 1
» in R for which in R for which
a+ 0=a a+«1=a2a
Inverse There is a number (-a)] If a # O there 1is a
in R for which number 1 in R
a +v(-a) =0 for wiich
a - % =1
a -« c)

Distributive a+{b+c)=1(a-Db)+(

It is interesting to note that we obtain an equivalent set
of axloms if we remove the Identity and Inverse Axioms and

replace them by the following solvability axioms:

Solvable There is a number x If a#0, there isa
in R for wnich " number y in R for
a + % =b which _
a « X =D

The "rules" that are taught in a traditional algebra course
can be proved as consequences of these field axioms. For example,

we can prove tne following statement:

Proorf': .
0 =a -+ (-a) Inverse (Addition)
=2a .1+ (-a) Identity (Multipliéation)-
= a + (1+0) + {-a) Ident1:y ({Addition)
=[{a-+-1+a - 0]+ ( a) Distributive
= [a +a-0] + (-a) Identity (ldulti:licotion)
=[(a -0+ ]2 (-a) Commutative {addition)
=a - 0+ [a+(-a)] Associative (Addition)
=a .- 0+0 Inverse (Addition)
=a + 0 Identity (Addition)
70

o
Q“y
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. II. Order Axioms. If in additi-. “o the field axioms, R
satisfies the axloms below, then R 18 called an ordered
field. Whenever =~, ‘b, and ¢ are in R we have:

'Trichotomw : Exactly one of the following three
: p statements 1s true:

a<b, a=>b, b<ca.

[x

Transitive Property If a<b and b < c¢c then a <.c.

Addition Property . If a<b then a+c¢c<b+ec.

Multiplication Property | If a < b and O < ¢ then a+*c < b-ec.

: . o .
III. Completeness Axiom. If in addition to the field and order

axiloms, R sr4isfies a completeness axiom, then R 1is
called a‘comglete ordered field. The three possible forms
 of the completeness axiom given below are all equivalent
/

in the 1light of the other axioms. 7
. /
. a. Dedekind Cut “| If A and B are non-empty /subsets of
‘ R which satisfy the condition:

#(1) AUB =R, **(11) ANB 1is
empty, (111) each membér of A 1s
less than each member of B; then

B | either there 1s a largest number in:
‘ ‘ | A or there 1s a srallest number in B,

b, Least upper bound Every non-empty set of numbers
) which has an upper bound also has
a least upper bound.

¢. Infinite decimals Every rumber has a unique represen-
tation as an inirinite decimal havingi,
infinitely many digits d*fferent
from 9.

*  See Chapter 4 for a discussion of intersection of sets.

#* See Chapter 7 for a discussion of union of sets.
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Orly the third form of the completeness axiom is mentloned in
thls jdext.
The set of rational numbers satisflec the field and order
axloms but not the completeness axiom. The real ﬁgmbers satisfy
.-all the axloms. '
- The way in which these axloms are used in this course follows
this ouﬁlingl_ The closuré;”ébmmutative,.associative, identity
_and distributive properties are observed in Chapter 3 to hold
for counting numbers in a number of examples and are assumed to
be true in general. (In effect they are assumed as axioms.) In
Chapter 6 it is observed that the set of counting numbers 1s not
closed under division--or in other words, that the solvabilitw.
property af multiplicaéion does not hold--and tL's 1s used to
motrvate the extensiorn of our number system to embrace the non-
negative‘rational numbers. Then it 18 shown that 1f we wish to
retain thé commutative, assoclative, identity and distributive -
properties we must multiply, divide, add and subtract rational
numbers in just the way we always have. In Ch.17 (Vol.II) we show

-

analogously how the lack of closure under subtractlon--or the .-
absence of the solvability property for addition--leads to/thér(
extenslon of our number system to embrace the full set.ofﬂfationalm~
numbers, - poslitive and negative and zero.iiin Chapter”2o it 15\
observed that the real numbers héve the completeness property
while the rational numbers do not.

The following chart shows the chapters 'n which the

various properties Jirst come up for extens.ve discussion.

Field

,|Addition Multiplization
| Closure B 3 I 3
Commutative 3 3
Assoclative 3 3
Identity .3 3
Inverse B 17 6 |
Distributive 3

(@)Y
L

Solvability | .17

72
1SR ’
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1 a.
D.
2. a.
b.

=
o D
. e

d.-

ERIC

Aruitoxt provided by Eic:

Order
N Addition Multiplication

Trlchotomy 3
Transitive 8
Addition 8
| Multipllcation 8
Completeness »

[Inrinite Decimals | 20

Answers to Exercises 3-3a

No, The sum of T odd numbers is always a.. even number.

No. \
M 1ls the se¢v o our “ry numbers which are divisible
by 5.

Yes. Slnce eacn of tne numbers 1n the set 1s a multiple

of -, the sum of any Lwo numbgrs In the set 1s a

multiple of 5.

Lelow Ls the general proof that set M 1s closed under

addlition:

€L a and b representcany counting numbers. N
Then 5a ‘and 5b  must represent any two numﬁers

in set M and %a + b  represents thelr sum. There-

w2 l,
fore %a + 5t = 5(a + b) by the Distributive Property.
Slrice one of the factors of the right member is 5, then

the sum 5%a + b must be a multiple of 5.

Fachh set 18 closed urder multipllication.

Yes

No{, For example 500 + 501 - 1001 nd 1001 1s not In
the setl.

No. TFor example 3 + #7 - 50 and 50 1s not in the set.
Yes. If the numerals of 2 nuwrbers end In 0O, then

the sum of the numbers ends In 0.

N

’
~ U
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5. a. Yes. b. No. * ¢. No. d. Yes,

€. Yes. ultiplication of whole numbers 1s an abbreviated
process for additlon.

T. No. The student may ° ve any number of examples. yor
'

instance, 1 - 2.

8. No.
9. No. For example, the result of 3 divided by Y 1s not
in the set.
10. No.
. Answers to Exercises 3-8b
1. a. 8219 b. 1928
2. a. 19,997 b, 1179
3. a. 78,528 b. 450,954 c. 2,499,574

4, Two million, seventy thousand, three hundréd fifty-one.
5. 72 cents.’

6. a. greater than
b. equal to \\\
ce less than
d. not equal to :
. S
e. times /

3-9., Inverse Operatlionc.

Tho ctaslic concepts in thils section are:
1. The meaning of 1lnverne.
2. Addition and multiplicatlion have the closure,
commutative, and assoclative properties, while
thelir 1nverses Jdo not.
Tre meaning of inverse may be explained by glving an example.
"I wr ie on the chalkboard" may oe stated as one ac mally writes
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"inverse" on the board. Then the teacher may say "the inverse of
writing on the boardbis erasing the writing from the board.'" The
board may actually be « . It should be emphaslzed that the
Inverse operatior undoes «... Tlrst operatlion. Some puplls may
think that the fallure to do an operation Is the inverse of the
dperation. For example, to the question "What Lc the lnverse of
singing”"  the pupil mry say "Not singling." But "not slnging"
does not undo the lpe“ation of singing as erasing the chalkboard

Deoowinniw coree

§
L vl

undeoes wrbtt i on e ena ikl o,
undog :
important to polint out that some operatlons have noe lnverse.
Some discussion of = ¥ = b may be helpiul to many '
studonts,
The soilowling questions may be suggFestive.
1. Vhat operation ls indlcated by a +« x?
2. What operation will undo muliiplication®
3. What 1is tne inverse of multliplication?
b, Toundo a - x,  do we divide a -+ x by
a or a -+ & by X
(5ince a + x means a times x we divide by

o, the multiplier.)

5. How do we undo 3 - 2¢ (Divide & by 2.)

Hod do we wmodie = * v (Divide 32 ty &.)
t. In terns of those symuvele, canr you define dlvislon®

An understanding of a - x = b will be helpful to the pupil as

he studles percentapre, and the cgulvalence of the two statements

N
"o+ oa - 2" and Ta + x . " wWlll Le of great lmportance in
Chapter &. Therefore, ar cmphasis on nderctanding the relation-
ship betweo:. a h4 ard b is ron only decirable bLut recessary.
By 2 J o

Ve used tue device of "hie two machires to 1llusirote the

wverse of multiplication by o as the unary operation of

division by a, The rUolleowiny- may Lo used to illustirate the
general statemer:t.
In general, scugpose wo nate tvo machi: e that porforn

operation (g) ar-i L ion C:). Arcl o osuppose we hock them

“together, ard obseprve Lol whorevoy wo o1t @ 1. the 'irst
‘mashline we UG Cori: rausbhier ol G thie oeoarcl o mmoiniieo,
<

ERIC

Aruitoxt provided by Eic:
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A

NS

OPERATION

[
Q) 7

OPERATION
©) [ ]A

Then whatever was done by the first machine was undone by the
second. We would say that operation '@D is the. inverse operation

of oneration @ .

Answers to Oral Exercises 3-9a

1. Layirng down the pencil. 9. There is no inverse.
2. Take off your hat.. 10, Subtraction.
3. Get out of a car. 11. Multiplication.
4. Withdraw your arm. 12. Addition.
‘5. ‘Division. 13. There 13 no 1lnverse.
€. - Tear down. ‘ 14, There is no inverse.
7. There 1is no inverse. 15. Put a tire on a car. ,
8. Step backward. '
Answers to Oral Exercises 3-9t
1. & 7. 8 14, b ' . 20. ©
2. s 8. 5. 5 .21, 0
.1 9. 3 6. 5 ; 22. 0
b, 7 10. 3 17. 9 23. None
5. None 1i. Hone 18, vy 2L, 1
E. © . 2.7 19. 6 25. 1
N o . .~ 13. Any whole ’ 26. 1
’ . number
76

£

' . ~' A
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Answers to Exerclses 3:9c

1. a. 46,471 f. $1,072.67 N
b. $507.10 g. 876 ’
c. 506 feet h. 987
d. $1,%12.78 1. 798
e. $1,101.04 3. 697 -,
t
2. a.- 12 . f. 463
. 31 g. 3
Cot 3 h. 6
. 5 \ i. _none =
e. 588 \\\ J. none
3. ‘a. 19 _ e. 165,821
b. 1992- -/ £. 13 -
c. 89 ‘ | g. 6
d. 19,219 ' | h. 20
4, a. 21 o L@ e. U6
b, 84 L , £. 20
c. 102 _ Lo g. 104 P
d. 3 . - h. 195

3-10. Betweenness and the Number Line.

The followilng understandings .hould be developed by the
teacher so that the student will gain the fullest apprecilation
of betweerness and the order re. tions éf numbers,

J« The number line helps to show how the codating numbers
arz related. The students may ask about the dotd to the
left of zero. The teacher mav wish to mention that theséJar

are negative numbers and r’ve a few illustraticns; but
the topic of negative nu _e¢rs will not be discussed at
all in our work.

2. A number 1s less than a second number if the first 1s to
the left of the second. A number is greater than another

if 1t is to the right of 1it.
‘ ) f
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3. There 18 not alwéys a counting number between two count-
ing numbers. This fact 1s brought out 1n Exerclses such
as part 1(g) of Exerclses 3-10.

4, To find the number of whole numbers betwcen two other
numbers (if it can be done at all): Subtract the
smaller from the larger and then subtract one (1) from -
this difference. Or, subtract one (1) from the largen//
and then find the difference between that result and the
smaller number. Or, add 1 to the smaller number and

’ then subtract thils result from the larger number.
Example: find the number of whole numbers between 7
and 15.
Method 1: 15 - 7 3 8 . 8 _-1=7
. * ~
/ Method 2: 15 - 1-= 14 14 -7 =7
Method 3: . 7 + 1 =-8 15 -8 =7
// : . Answers to Exerclses 35-10
;1. oa. 17 e. None
b. 21 , f. 2
{ c. b T g. None
L a. 7§ - n. s8
2. a. 10 - . = e. 16
_ b, 11. . £f. 22
. 24 . g. 16
d. 30 h. 9
3. The'palrs of numbers ir. parts a, gb, c, g, *i, and *J,
have whole numbers midway between theé\
Ty, . Yes, since ¢ 1s tc the right of a on the number line.

-~

Yes, .ince b 1is to the right of ‘a2 on the number line.
Yes, since b 1s to the left of ¢ on the number 1ire.

The rAumbers a, b, and c¢ would bhe 1ocated’in tho

o o

following manne> .n the number line.
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3-11. The Number One,

In this lesson emphasis should be placed not only on special
properties >f the operations with 1 but also on the closure,
associative, . and commutative propert;es. The fact that there is
more than one wéy to represent the number 1 1s emphasized in

"the first exercise. Of course, this gives\the teacher the oppor-
tunity to review the concept of numeral as a name for a number
and not the number itself. Pupils think of the operation with
numbers so frequently that they forget that 4 - 3 4is really
another way *o represent 1,

We nots 1at 1 1s not an identity for division. Since
g8 - b=Db +« a for all whole numbers, in particular 1 acts as
an identity on each side. Thils 1is true for any commutative
operation. However, division 1s not commutative. a +b £ b + &.
"In particular 1 +b #£b+ 1. b+ 1=Db 8o that 1 1s a
right-handed identity for division.

A class discussion of the lesson summary in symbols may be
profitable for many pupiis. Of course, some other letter in
place of ¢ would be used as practice for pupils'in translating
symbols into words., Be sure that the puplls have the ideas
befdre éttempting g=.abolism. The pupils! translations of the
mathematical sentences could be somewhat as follows:

a. If ary counting number 1s multipiled by 1, the
product is the same counting number.

b. If eny counting number 1s divided by 1, the quotient
is the same counting number. )

¢c. If any counting number 1s divided by the same number,
the quotient is 1.

d. If the’number one 1s divided by any counting number, the
quotient is one over tl.e counting number.

e. The number one, raised to any power which is a counting
number, egquals 1. '

Answers to Exercises 5-11

1. T . symbols in the tfollowing parts represent the number 1:
a, b, ¢, ¢, e, 1, k, 1, m, o, and Dp.

2. a. 100 b. 1C
e, 0 ., 0

-
o)

NE TV

0



‘page 105-108: 3-11,3-12

#3. The succesaive addition of ,1's to any counting number
will give a counting number. But, the successive subtraction
of l's’;from ahy counting number wiil become O 1if the .
operation is carried far enough. If we go too far we get
out of the set.

k, a. 876,429 - e. 3,479
b. 976,535 f. 97
c. 897,638 g. 1
d. 896,758 h., 1

3-12. The Number Zero.

The purpose of this lesson is to understand why we can or
cannot perform the fundamental operations with zero.
It 13 importar.. for pupils to understand that zero is a
perfectly good number and that it does not mean "nothing."
The pupil should see that in addition and subtraction zero
obey'. the same laws as the counting numbers. '
- in explaining the ; roduct of ¢+ 0 and O - ¢, 1t may be
heipfu: to review briefly the meaning of multiplication. Such
discussion questions might be:
1. What is another way to find the answer_;o 3'x 57
2. What does 3 x 5§ mean® It means 5 + 5 + 5> and
not 3+ 3+ 3+ 2 + 3.
3. Make-up a real problem using 3% 5. {The price of
3 pencils at 5g¢ each.)
4, ‘vnat ddes 5 x 3 mean? (It means 3 +~ 3 4+ 3 + 7 + 2
5. “Make up a real problem usling % x 3. (The price of
5 penclils at 3¢ each.)
After such guestions, zero may be Intrhduced ir. the dis-
cussion as multipllicand and multiplier, since 5 « C = C *« 5
by tne commutative'propert& for multiplication.

In case of dlwvisiorn, puplls should understand why we divide
¢ by a and do not divide a by . It may ve desirable to
) . . s C.
use several examples so that the pupils will see that =" (where
¢ Is a countling number) sho:ld b 0 and = Llu ot the name
80
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of any whole number,

Some of the pupils may be interested in why we do rot define
% =1 They should understand that 1t
would be out.of harmony with the fact that zero times any number

or some other number.

equals zero.
The translations into words of the symbolic statements
‘concerning zero can be somewhat as follows:
a. The sum of any whole number and zero 1s the same
whole number.
b. If zero is subtracted from any whole number, the
difference 1s the same whole number.
c. If any whole number 1s subtracted from itself, the
difference 1s zero.
d. If ¢ 1s a coanting number, then 0 to the c-power
is zero. )
e. The product of any vhole number and zern is zero.
f. If zero 1s divided by any counting number, the
quotlient 1s zero.
g. Zero cannot be used as a divisor.

Answers to Exercises 3-12

1. The symbols in the following parts represent the number O:
b, 4 £, h, , J, kK, 1, m n, o, q, and s.
2. a. 3724 1.7 $70.65 p. $1846
b. 73,738 Jo 679 - a. O
c. 144 R 56 k. 379 r. O
d. 152 R 60 1. §o7 s.
e. $36,453 m.  $397.10 T« o0
f. $60, 44k n. Divistor by . 9786
£ 0 POt v gems
h. $84c.25 o. 1
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*3.

The error 1s In the generalization to € 1in part 1.

If 2+ b =C, a or b dees non neec to ve C.

Example: 2 « Z = U4, This exerclse shows the error that
may be made Yy maring a generalization on just a few cases.

The number 1s one our ZzZero.

3-14, Chapter Review

10.
11.

Enswers to Exercises 3-1"

The commutative »roperty of multlplication is illustra*zd.
In the set of counting numcers the identity element for
multiplication 1is one ().

2+ 13+ 5° 13 = (2 + 5 - 13

136 ¢ 25 4+ 75 . 136 + (25 + 73)
= 136 + 100
= 23¢&
Multlply €% times 221 a:i see 1 the product is 715.
The division 1is correct. ;
The number of countlng numbers between € and 7 ig _bo .

Zero 1s a member of the set of whole numbers. Zero 1s not
a member of the set of counting numbers.

The statement 1s false. If one can find one example where
the operatlon is not closged, then the operation 1s not
closed for the set of whole rumbers.

The value of 112

-8 1l .

There are no counting numbers betwWeen 5 and 6.
100 + (20 + %) - 100 & &

2

=

The 4istributive property involves two operatlions: addition

a. = .. Any whole number larger -
. Thoar 2.
b, ...J whcele rumber
d. 2

addliticon ol 'wnole numbers lc C .
1o and 15 Is not in the set.

ol odlvislon is muluiplicatliorn.

7y
o -
)
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17. 5~ 4, 7 4+ 7, and 1 - 0 are different symbols which all
reprasent the aumber _1 .

18. a. 7 is greater than 2.
b. 15 1s less than 33.
¢, 4 18 lesa than 6 and 6 1is less than 10.

3-25. Cumulative Review.
Answers to Exerclises 3-195

1. (122)three = (17)i o = (32)f1ve' (It 1s easlest to get
to base five by going through base ten.)

2. Yes, Start by filling either the 3-cup or the 5-cup
container. If the three-cup container is filled first
.then: (a) Pour 3 1into 5; (b) Fill 3; (c) Pour
2 from 3 1into 5, which leaves 1 in 3; (d) Empty
5, pour 1 1left in 3 1into 5; (e) Fill 3. Now we
have &, If the five-cup container is filled first then:
.(a) Pour 3 from 5 into 3, which leaves 2 1in
5; (b) Empty 3 and pour in 2 from 5; (c) Fill

- 5; . (d) F111 3 by pouring 1 from 5; (e) Empty 3.
Now we have &4,

3. 1,111

b, b b box box k4

5. Base 2 _

6. (2x27) + (0x9) + (1 x3)+ (0x1) = 57

7. 21

8. 10c¢, 101, 102, 103, 10% (all base six numerals)

9« (%)ien
10. 2Zero 1s ar element of the set of whole numbers, but zero
is not an element of the set of counting numbers.

11. Commutative property of multiplication.

12. Multiplication.

13. (3 +2) » 5 or 5+ {3+ 2)

14, (125 + 75) + 36 .
15. lMultiply 125 times 3 and see 1f the prc.uact Ls
16, 37 '

W
—~}
.

b3
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17.
18.

19I

10.

11.

Subtraction

Division

a. eleven 1s greater than elght
b. six does ant equal ten

c. two is 1ess than four

Sample Test Questions for Chapter 3

Insert a symbol which makes a true statement:
8 + b b4 8.

How many days are there between March 13, 1951 and March 27,
19517

Show with one example that the set of numbers from 10 to
15 18 not closed under addition.

Answer true cr fuzlse: The 1ldentlty for multiplication in

the set of whole numbers is zero.
If K 1s a counting number then %-; ?
Apply the ccmmutatlive property of additioh to: (u + 5) + 6.

We are using the property when we say that 3a + 5a
is another way of writing (3 + 5) * a.

If the product of 5 and a certain number is zero, then

that number must be:

a. 1 b. O 2. 5 d. None of the
above.

Wren the number one 1s divided by any counting number n,

trh - answer is always:

a. O b. 1 c., n d. None oi !':
above

thich of the followin.  numerals are names of counting numbers?

(10)two 1% Q. (713}, .. % XIV

(7w 3) +7(6 - 5) (7 +3)+ (7 - 6):5] 1llustrates

the associatlve p: .erty of 7 .

84
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12. How many counting numbers are there between (10)five
Y
and (13)fogrp
i13. Make a true statement of (3 * 7) + (% Y= 7+ ) .
14, To check the statement 7 x 343 - 2815 by the irverse

cperatlion we would 7.

15. The letters a, b, and x represent countlng numters,
and % = x. What can we say about the relation between
a e~d b

Answers to Sample Test Questlons

i

= 10. 10i,0» 14, 7123, ., XIV

i

- 13 1l. Multliplication

. 12 + 13 = 25 1o, 1

» Faise 13, (3 7) + (4 7) =7 (3+4)
14, Divide 2515 by 7. (or oy 3%5)

. 6 (B 5) 1. a 1z a mult:ple of b, and

Distributive

b or equal to b,
d -

.

a 1s eilther greater than Db

O O~ O =W
o
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The connection with '"reality" depends on common acceptance
of the axioms. If a person accepts the axioms as properties
which are true of his concepts of points, lines, and planes then
he must accept the rest of the theory--the logical consequences
of these axioms. The selection of the axioms 1s achleved by the
process of inductive reasoning applied to the intuitive concepts
of point, line, and plane, After the axloms have been selected,
inductive reasoning drops from sight’in the formal structure of
the theory where only deductive reasoning is used. Inductive
reasoning nevertheless retains an important place in the creative
process, The creative process in mathematics consists of two

‘parts: first, the conjecture or guess that a certain statement is
true; second, the proof of the statement. The conjecture is made
by use of intulition and inductive reasoning. The proof 1s ac-
complishednby deductive reasoning.

The main purpose of geometry in this text is to present
intuitively the concepts of point, line, and plane and to- reach
agreément by inductive reazning that certain statements con- N
cerning these concepts appear to be true, Some of these state-
ments willi appear in the formal geometry course as axioms, Others
will be proved as theorems, A second purpose of geometry in this
book is to present an introduction to the process of deductive
reasoning in geometry.

The principal objectives of this chapter are threefold:

1. To introduce puplls to geometric ideas and ways of
thought,

2. To give pupils some familiarity with the terminology
and notation of "sets" and geometry, and

3. To encourage precision of languagg and thought.

There 1is an attempt to guide the student 'to the discovery
of unifying concepts as a basis for learning some of the more
specifié detalls., This chapter forms a background for later

. chapters which deal with metric or distance;properties. It
attempts to focus attention upon ideas which are fundamental

but which (while sometimes vaguely taken for granted) are often

poorly understood by students.
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Traditionally, those ideas have been taught as they were
needed for a pParticular\ geometric discussion. But, all too often,
Athe teacher has aSSumedxphat these properties are obvious or clear
.without mentioning them.‘\Also, there should be some advantage in
considering together this group of closely related analogous
properties and observing rélations among them. The higher level
study of some aspects of non-metric geometry has become a separate
mathematical disclpline known as proJective geometry.

Spatial Perception

| One of the important aims of this chapter is to help boys
"and girls to develop spatial imagination. There is some basis
for the belief that slower students, in many cases, have pcowers
of visualization that compare favorably with those possessed by
more able students, To what extent there is a correspondence
between general intelligence and gpaﬁial understanding is diffi..
.cult to determine. Therefore, 1t‘WQuld be desirable for the
teacher to explolt the interest shoWhﬁby the slower student in
devising drawings or other representqtions of spatial relations.
If given free rein, students will deQise Ingenious models for

spatial representations.
Time Schedule
A definitive time schedule may be inadvisable., The varia-
tions among pupils may be so great that a flexible schedule is
advised. For general guldance to the teacher the following
schedule is indicated. The teacher must not feel that this is
to. be followed rigidly. ’
. Lessons 1-5 -~ Sections 1 and 2
Lessons 6-12 -- Rest of Chapter
As to the specific ground to be covered in each lesson, the
"teacher must use his own Jjudgment. An attempt has been made to
include exerclses at frequent intervals, In some cases, a sub-
section together with the appended exercises will make a satis-
factory unit lesson, bu% this will not always be the case.
Materials .
Insights into ideas developed in this chapter will be
greatly enhanced by use of instructional devices. Encourage

89
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students to make simple models as a means of developing basic
understandings. Bmphasize ideas, not evaluation of models. The
use of a tinker toy set or D-sticks will be found helpful in
representing spatial relations. In using any instr.c’!onal
material of this kind, seek understanding of ideas witwl i over-’
dependence upon representations.

Suggested Materials '

STRING~~to represent lines in space,
PAPER~-~to represent planes, and folded to represent
lines and intersections of planes,
TAPE -OR TACKS--for attaching string to walls, floor,
and points in the room,
MODEL~-(as illustrated)

i3

Suggest making the model as shown above by using a card-
board carton (or, it can be made using heavy paper, oak tag,
screen wire). Cut away two sides so that only twé adJacent sides
and bottom of the box remain., String, wire, etc., may be used '
to extend “hrough and beyond "sides," "floor," etc,

OAK TAG-~for making models to be used by both teacher
and students,
COAT~HANGER WIRE, KNITTING NEEDLES, PICKUP STICKS
SCISSORS, COLORED CHALK.
LIGHTWEIGHT PAPER~-~for tracing in exercises, ,
YARDSTICK or meter stick with several l@hgths of string
tied to 1t at different intervals. By fastening
stick to wall, lines may be represented by holding
the string taut. By gathering together the free ends
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at one point the plane containing the point
and the yardstick may be shown.
OPTIONAL
" Long pointer for indicating lines.
Toothpicks for student models
Saran wrap, cellophane, and wire frame for
representing planes.

ﬁ-l. Points, Lines, and Space.

1. Understandings.

a. A point has no size, v
b. A 1line 1s a certain set of points.
€. A line 1is unlimited 1n extent.
"d. Through two points there is one and only one line,
e. Space is a set of points.
2. Teaching Suggestions.,
Just as we use representations to develop the concept of .
the "counting numbers" (2 cars, 2 people, 2 hands, 2 balls,
2 chairs, etc.,-to develop the concept of twoness) similarly
we must select representations for developihg the concepts of.
point, 11he, plane, and space.
'P01nt
identify things which suggest the idea of a point keeping
' in mind that one suggestion by itself is inadeguate for developing
'thé idea of a point. One needs to use many illustrations in
different situations. Avold giving the impression that a point
1s always identified with a tip of a sharpened object.
Suggestions: pupil of the eye in intense brightness, dot of
light on some TV sereens, particle of dust in the air.

Line

~ Identify two poihts‘using some of the situatibns as above.
Bring out the idea that givén these two points there are many
other points of the line that contain them. Some of these are
between the two points, some are "beyond the one" and some are
"beyond the other." Also, through two points there can be only

91
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one line., The 1line has no thickness and no width., It is con-
sidered to extend indefinitely. Use string held taut between two
points to show representations of lines in positions that are
horizontal, vertical, and slanting. Each student may represent
1ines by using a pencll between his fingertips. With each example,
talk about thinking of a line as unlimited in extent. Emphésize
frequently that we use the word "line" to mean straight line.
Identify othier representations of lines such as: edge of tablet
(holding the tablet in various positions), edge of desk, vapor
trails, edge of roof of bullding, etc. It is Important to select
illustrations representing lines in space as well as the usual
representations made by drawing on chalkboard and paper.
Space

Models will be most helpful here. Using "string on yard-
stick" and considering some point on a tab%e,'desk, or on some
object which all students can see, let all the representations
of lines. from the yardstick pass through the point. Also, use
string to show representations of other lines from other points
on different walls, the floor, etc., all passing through the
point. Use the model as described in drawing under "Suggested
Materials." Pass lines (string, wire, thread) through "walis"
and "floor" to suggest infinite number of lines and that these
lines extend indefinitely. Bring out the idea that each lire
is a set of points, and that space is made up of all the points

on all such lines. L
—

YARDSTICK

DESK STRINGS
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_ Ansiers to Exercises 4-1a
1. Depends upon ingenuity of students in finding objects which

represent points,

2. a., T
b, P
c. S
d. D
3. rRow y—+C
ROW IV D¢
ROW II B
ROW II E
- ' A Fl .
i ' ROW I-—"3"4 5 6 7
SEAT NUMBERS
4, a. H b. E c. B d. N
5y H
E
c
AD.. )
oF —
A G
B

The dimensions of regulation baseball and softball flelds are:
Baseball: 90' square infield, homeplate to pitcher's
o mound 60'6", homeplate to 2rnd base 127! 3%”.
— Softball: 60! ‘square infield, homeplate to pitcher's
mound 461,

40 30 g0
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Answers to Class Exercises 4-1p

1. 3, ﬁE, FG, HD
) In npaming the lines encourage students to use any two
.. - letters that will identify the line.
R - -
2. AC- and KF, B ' etc.
No. The crepe paper ribbons do not form straight lines.
b, a, A, B, or C
- <>
b, SV or WX
)

a
. D
= . -~ <+
d. RT (other names are RL or LT )
=P -
e. KL and RT, L etc,

Answers to Exercises 4Jc

1. Depends upon classroom,

2. The porcupine has quills which suggest lines emanating
from the body. If we consider the body a point, then
space is like the set of points consisting of all the
points on all the lines (quills).

3. Depends upon gymnasium,

b, The toundary lines are fixed because the points determining
these lines are fixed. Property 1 states:A Through any
two different poiﬁts in space there is exactly one 1line.

bo2, pianes

1. Understandings.
a. A plane is a set of points in space.
b, If a line contains two different points of a plane,
it lies in the plane, : .
c. Many different planes contain a particular pair of

points. .
d. Three polnts not ekxactly in a straight 1line detefmine
a unique plane,
+ 2. Teaching Suggestions,
Identify surfaces in the room which siggest a plane--

ov 1002
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walls, tops of desks, windows, floor, sheet of, paper, plece of
cardboard, chalkboard, shadow. Make use of Saran wrap, cellophane,
and a wire frame to show further a representation of a plane since
this more nearly approabhes the mathematician's idea of a plane,
With each example bring out the idea that a plane has no bound-
aries, that it is flat, and extends indefinitely. It is an "ideal"
of a situation Just as are a line and a point. We try to glve
this idea by suggesting things that represent a plane. It is
important to suggest representétions of planes in horizontal,
vertical, and slanting positions. Note that if a line contains
2 points of a plane, it lles in the plane and that many planes
"may be on a particulér pair of points as pages of a book, re~

volving door, etc. '

Then using three finge“s or sticks of different heights in
sets of 3 (not in a straight 1ine) as suggested by the sketch
-at the right, see what happens
whén a piece of cardboard is placed Nails or
on them. Add .a fourth finger or Darning needles
a fourth stick and observe what
happens.

_ Each student may try this experi-
ment by using three fingers of one hand
(and also three fingers using both hands)
letting a plane be represented by a book,
piece of ocak tag, or card. Change the posibionu
of the fing:rs and thumb by bending the wrist (chansing the
sticks in the model). Ask the class to make a stateuent about

_three points not in a straight line. (Property 3.)
‘Demonstrate with wires or string the ideas in the last
‘paragraph before asking the students to read it or suggest that
one or two students be responsible for demonstrating the idea

'to other members of the class.
The Class Discussion Problems may well be developed as a

class activity. L §
_ "A note. What is a basic rotivation for the study=of
geometry? In our daily living we are {orced to deal with many

95
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flat surfaces and with things like flat surfaces. Tt would be
foolish not to note similarities of these objects, so, we try to
note them. 1In so doing we try to abstract the notion of flat
surface, We try to find properties that all flat surfaces have.
Thus, we are led to -an abstraction of the flat surface-- the
geometric plane., We study two aspects of this.
1. What a plane is 1like, considered by itself
(plane geometry), and -
2. - How various planes (flat surfaces) can be related
in space (one aspect of spatial geometry).
Just how do we study the geometric plane? We study it vy
thinking of what the plane is supposed to represent, namely,
a flat surface, However, in trying to understand a plane
(or planes).we find it difficult to think in the abstract. Thus,
we think of representations of the plane: wall, chalkboard,
paper, etc., and'wevthink of these as representations of the
abstract idea. The abstract idea enables us to identify
" characterisfics which all flat surfaces have in common.

\

Answers to Exercises 4-23

1. Depends upon the particular kitchen. Most kitchens wou ld
probably have the following examples: tabletop, shelves,
seats of chairs, blades of knives, bottoms of pots, pans,
and baking dishes in addition to floor, ceiling, and walls,

2. ~Would depend upon particular 1ibrary.

3. Consult dictionary,

Answers.to Class Exercises 4-2p

Yes. If a line contains two
different points of a plane,
it lies in the plane.
(Property 2.)

96

< -
O
o



page 1l2u4-125: 4.2

Notice that there are many
different locations for points

R and S. You may want to review
the idea of betweenness by asking
various students where they
placed their points. ‘
(property 2.)

If a 1line contains two different
points of a plane, 1t lies 1n
" the plane. (Property 2.)

Same reason as step U4.

1
This figure is one possibility.

ﬂhere are others.
;

/ .
/

Answers to Exercises 4-2c¢
Would depend vpon the particular classroom,.
Any three of these polnts not exactly in a straight line
are in one plane. Thus, there will be ¥ planes--XYZ,
XYW, X2ZW, YzZW.

!

a7 lif'ﬁ _
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3, The feet of a three-legged stand are in only one plane,
The addition of a fourth point creates the possibility
of having Y4 different planes. Refer to previous problem. A’
three-legged stand will therefore maintain one position.
A four-legged stand may take any one of 4 different positions
and is therefore unstable unles¥ constructed so that the
4 points are in the same plane.
b, a, Many planes. If we have 2 points, then many planes
contaln these points,
b. Only one line, Through any two different points in
space there 1s exactly one line,
c. One plane. Through any three points, not all on the
same line, there is exactly one plane. '
b > -
5. AB, AD, BD. If a line contains two different points of a
plane, it lies in the plane.
6. a. 6
b. 6
A simple model to expiain this problem can bce made with
cardboard, elastic th%ead, and thumbtacks,
' t A, B, C, and D are tacks,
,-preéenting the four points.
Stretch elastic thread between
the‘poiﬁts to represent the
6 lines, Merely 1ift.one of
the tacks off the cardboard to
illustrate part b,  The elastic
keeps the lines straight and
obviousiy no new lines are

! possible.

4.3, ‘Names and Symbols.

1. Understandings.
Note: Notation for naming points and lines was introduced
in 4-1 in order to facilitate class discussion. This is
reviewed and simplified in 4-3. ' ‘
a. Stpdents learn to recognize how planes, lines on planes,

te
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lines through planes, etc. can be represented by
drawings. |

b., Students learn to name particular points, lines, and

" planes,.using letters, etc.

¢, Students 1éarn how to interpret and understand

perspective drawings.

d. Students learn to develop an awareness of planes and

lines suggested by familiar objects.
2. Teaching Suggestions.

Reinfofce~the idea that we make agreements as to how to
represent certain ideas i.e., " . " for a point, "_~—~—" or
+—" " for a line, and the use of letters for naming lines and
points. We usually name points by capital letters, lines by
lower cas§ letters or by pairs.of capital letters with bar and
arrows above. as AB. A plane 'is named by three capital letters.
A plah% may also be named by a single capital letter although thic

convention may cause some confusion with slow pupils. It is
generally avoided  in this chapter. Also, we sometimeé talk about
two or %ore lines, planes, etc., by using subscripts, such as"
ll’ 12, and ,(

. We do not expect students to learn to make drawings showing
more than one plane, intersections. of planes, etc. Some
students, however, may héve considerable taient'in this direction.

- Such students ‘should be encouraged to make drawings which the
entire class may find usefult For the class as a:whole, the .
emphasis should be on the interpretation of drawings. '

Students enjoy a guessing game about abstract figures such

as these:

"looking out of They might enjoy a similar

an opened game with planar abstractions:

soda pop can.

"boat ‘sinking" .
AN

L ,t::: » "big plcture frame "bird's eye view
for small picture of house roor"

—
D
)
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s

Answers to questions in 4-3: AB and DC ~1lie in the
‘plane.... Other names for plane A4BE .are plane AEC and
- plane BCE,

Answers to Exercises 4-3

1. a. ABC, or ADC, or BCD, etc
b. AB, or BC or CD cr AJ
¢, For Kﬁ, plane ABF or plane ABD, etc.
d. FBC, FGC, etc. -«
2. It has turned upside down,
3. a. cot ‘
b. pingpong teble
c. !football field
d. carpet
e. high Jjump
. cofiee table
g. 1line of 1aurdry
h. open door
i. chalr
J
k

. sheif
. ladder
5. Yes, No. ©%MNo. One,
6. 1. b. ‘ LI
2. d. 5. a.
3, c. ' 6., a.
- Stress that the second column suggests an advantaga
of the subscript way of 1abeling.
7. a. yes ‘€. ho
b. yes . - f. no, no
c. yes ’

a. 4, ‘ \
8. a. ABC or BCD or ABD
b,? CDF or CEF or DEF ,
c, GB - .
. d. HBC and ABC, etc.
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h.k, Intersection of Sets.

1. Undérstandings.

a. A set usually confains elements which are collected
\‘accord;ngjﬁo some common property or explicit
‘enumeration. T~

b. The common elements iﬁ“twq\or more sSets make up the

- elements of the intersection of two Or more sets.

2., Teaching Suggestions. ' ‘ '

Review the idea of sets by asking students to describe
certain sets, as set of names of members of the class, set of
all students in the class ‘whose last name begins with "B", set
of even numbers, set of counting numbers between 12 and TO
having a factor 7 (i.e., (14, 21, 28, . . .}). .

. Explain that any two sets determine a set which is called
their intersection, that 1s, the set of elements (1f any) which
are in both sets. Have students give the intérsection for
the set »f odd numbers between 1 and 30 and the set of counting
numbers having the factor 3 between 1 and 30. Note the three
sets: the two .given sets and the intersection of the two sets.
USe other illustrations such as the set of boys in the class and
the sét of students with brown eyes. In seleéting sets; include
some in geometry (i.e., the intersection of two lines in the
same plane, etc.). Note that the empty set is the intersection
of two sets with no elements in common:

A'ter developing the idea of intersection go back to examples
and describe how the idea can be expressed in symbols. It is.

a code we can use‘and’like'many‘codes it simplifies the

expression. For example,

-Set A = (3, 5, 7, 9, 11, 13, 15, 17 19, 21, 20, 25, 27, 29]
Set B = {3, 6, 9, 12, 15, 18, 21, 24, 27}
A n B = [3; 9: 15: 21: 27]
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Answers to Exercises l-la

1. a. {Monday, Tuesday, Wednesday, Thursday, Friday, Saturda&,
-Sunday] . » .

. Would vary with student.

Would vary with student,

The empty set. _

. {18, 19, =20, 21,'22] Stress the meaning of. "greater

o o o o

than" and "less-than,
Any three stateé,.such as, Californla, Iowa, Maine,

Any three months, such as March, May, July.
Numbers such as 5, 10, 15, . . .o
(1, 93 .
(John, Frank, Alice]
{9, 10, 11 12}
Would vary with student.
{July 4]

" The empty set.
{9, 10, 11 12, 13, 14, 15, 16, 17, 18, 19, 20]
(1,2, 3, . . ..}
(p}

.\.

o oM M P oo oD o oD

; The latter portion of this section provides introductory and
exploratory material on intersections of geometric figures.
. These 1deas will be developed formally -1n the next section.”

Answers to Exercises 4-4b

1. a. Any three labeled points such as P Q, R, etc.
b. Any three lines such as, AD AB, AJ etc,
¢. Any three planes such as, ABC, BCG, HFG, etc.
d. Any three intersections of planes such as
AB, BC, EF, etc.
e. Any three intersections of lines such as, points B,

C, D, etc. N
.2.-a. {6} -
.b. (D) |
c. (A}

d. The empty set.

10d 17
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—

3. a. HK

: b.+ point L
~c.| the empty set
d.” point P

4.5, Intersections of Lines and Planes.

1. Understandings.
a., Two lines may:

(1) be in the same plane and. 1ntersect
(2) be in the same plane and not intersect (1ntersect
in the empty set). _‘ 
(3) be in different planesvénd not intersect
'~ (intersect in the empty set).
b. A line and-a plane may: '
(1) not 1ntersect (1ntersect in the empty set)
(2) iritersect in one point
(3) intersect in a line. -
c. Two different planes may: _ -
(1) intersect and their intersection will be a line.
(2) > not intersect (have an empty intersection).
2. Teaching Suggestions . .

" Use models in order to explore the possible situations for
two lines intersecting and not intersecting. (Let each student
have méterials, too.) Also, use a pencil or some other object
to.represent a line, and a card to represent a plane. Use tuwo
pieces of cardboard each cut to center with the two fitted
together to represent-the idea of two planes and their inter-
section; and, from these, state some generalizations that may
be made. -

‘ I " P
L | _\gz P M, .

M
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Also; identify situations in the room which are representa-
‘tions of different cases of intersections of lines and planes.
Some may wlsh to express the ideas in symbols.

Subscripts also may be used to talk about lines {/ and.fg
The use of a few subscripts should be encouraged. The students
have been prepared for this in the previous sz tion.

Answers to Questions in 4-5

1. Eﬁa-l.)=D, ﬁﬂﬁ:l“, Eﬂﬁ:B,etc.

2. B and BC or GF and HE

'Pngpertx 3a. The questions in the text that precede‘the state-
‘ment of this property constitute an informal proof. The teacher
should_bé sure to understand the logical argument before question-

ing the:class.
A, B, and C are in exactly one plane since through any
three points, not all on the same line, there is exactly
one plane. (Property 3) ‘ '
Kﬁ 11es.1n this plang since, if a line contains two differenp
points-of # plane, it lies in the plape. (Property 2)-
lies in this plane for the same reason.

Answers to Exercises h_g5g

2. a. ADNDC =D, ete.
‘ b. Kﬁ and BE,,etc.
c. Kﬁ and Kj, ete.

3. CD and CG are 1nteqsecting lines. If two different lines
intersect, exactly one plane contains both lines.

h. Points A and D are on AD. Points D and C are on DC.
Through any two different points in space there is exactly
one line. KB and BE intersect. If two different lines
intersect, exactly one plane contains both lines. .

5. a.- Planes ABC, ABJ, CDK, EFA.

" b. ED and BA, EF and BA, BJ and CD, etec.

c. Points G, H, J, K all lie in the same plane.

104
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In discussing the intersection of two planes in class, do
not stress the .reasoning that leads to the conclusion that two
planes intersect in a line. In fact, with many classes 1t would
be desirable to show 1llustrations of this idea in the environment
and omit the devélopment of the reasbning.

Answers: to Orsl Exercises 4-5b

o
.

(Notice that this question 1s the same as 1.)

1
. 2. ec.

3. a. -(Parallel lines)

4, a. (Skew 1lines)
5. d.

6. a.

7. f.

8. r.

*9. g. N | .
10. a. (Parallel planes)

1. 1. . /
12, 1. \

- \ Answers to Exercises U4-5¢ »
1. a. Plane ABE, plane FDC, plane EBC, plane EAT,
plane ABC.

b. EB and AD, EF and AB, ete.
.. C. Eﬁ and EE, KE and BE, ete.
2. a. Plane EAB and plane FDC. .
'b. Plane EAB [) plane ABC = 2B, plane EAD(] plane
ABC = AD, ete. ‘
AEN EB = E, aBN BC =B, etc.

c.
-d. Polnt A )

'3, a. Point E I — T
b. Point F : ’ ‘

. c. The empty set

d. BC
e. AB
f. The empty set
g. The empty set ‘ X

205
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4L, a., Point V
b. Point W .
c¢. The empty set
d. The empty set
e. RT
£, ™
5. RS and RT, plane SRT
' 55 and Eﬁ; plane XWT
RS and fﬁ, plane | RSX, etc.
6. -a. JE ' ' o
b. Kﬁ and EE, 65 and BE, ete.
¢. The empty set (
d. Point J ‘ '
- ~e. Plane ABL, érl‘ABH, or %BJ, ete.
f. Point E. - =
g. Point E- : N
'7. a. Plane HGD and plane ABC, etec. , \
. b. Plane HGB and plane GBC, plane FGD and plane FHE,
- ete. '
c. Planes BAH, BGC, and ABC, etc.
d.  Planes HGD, FGD, and BGD, etc.
e. GD and plane ABC, FE and plane HGD, ete.
f. FE and GD, AH and GB, etc.
g. ﬁ& and BE; EB and Xﬁ, ete, .
h. HG, FG, and GD; AB, BC, and 55{ ete.
i. Planes FGB, FGD, HGD, and BGD.

v

~4-7. Chapter Review.
. . ' Answers to Exerclses 4-7.

. ZN- | .

. F, E, H, or G.°

. The empty set. v
. Polnt X.

. EF or GH.

. Point C.

. The empty set. ) . 1

1.

a
b
c
d
e
f
g
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2. "There are 4 planes as follows: plane ABC, plane ARD,
plan2 ACD, plane BCD, , :
"3. a. Plane ABD, plane CEF, plane EGH, plane XYZ.
b. Planes ABD and CEF, the intersection is CD. ‘There are
others ’ )
c. AC and EF, Ea‘and DF, ete.
d., Point D.
e.. The empty set.
' f. Point F.
g. The empty set.
.h. The empty set.
W EE, E? TV. If a line contains two different points of a
" plane, 1t lies in the plane.
5. a. Plane ADE.
'b. Plane ABD, or plane GFE.

The empty set.

[¢]
.

4. BG-
e, " Point F. i
£. Point C. E - .
'g. Point B, - o
h. The empty set. , : 7
1. The empty set. ' . ,
“Jj. Only one line. Through any two different points in
N space there 1s exactly one 'line. v
: kl Many planes, for example plane ADE, DHC, etc,

‘1. " Plane ABC and Plane DCF.

4.8, Cumulative Review.

Answers to Exercises 4_8

a. two thousénd forty-two,
b. thirty-seven thousand two hundfed fifty-six.
3. &, (3x10%) + (4x10%) +7(0 x 10) 4 (7 x 1)
b

: (1 x.2u) + (1 x2 ) + (1 x 2?) + (1 x2)+ (1 xll)"
c. (2,x53)+(1x52)'+(4x5)+(3x1)'
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4 oa, 81
b, 81
c; 64

5. Yes,

6. 22 - 32,.52 = 25, 22 1s larger than 52.'
32 is 7 more than 25,

7. Base b4, >
8. one. ,
9. 1; 1 ralsed to any power 1s another name for 1.

10. The set of multiples of 3 which are greater than zero.
11. Yes. . ' :
12, a., 93 + 9-2
b. 7:6 + 116
. 13, All counting numbers are whole numbers.
- 1%, a, 6 <8 . c. 3>0
b. 9<l2or 12 >9 d: 13 < 15 < 17

15, 31x5x2=23lx (5x 2)
16, a. (6, 12, 18, 24) .
"b. The 1ntersection of these two sets has no elements.

It 1s thé empty_§§giw' ' '

17. - 4. Infinitely many. R
' b. one : ) o \

c. one ;
18, a. 1 |

b. Four, ABC, ABE, BCE, ACE
c. Point H.

d. ©D
e. The empty set.
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Sample Test Questions for Chapter 4

4
Suppose the intersection of two lines 1s the empty set/

Ir

JIf

the lines are in the same plane they are (parallel).
they are not in the same plane they are (skew).

Through any two different points in space, how many

. 8.

b.
It
no
a.

b,

ir

lines are there? (one)

planes are there? (many)

A, B, C, and D are four different points in space,
three of which are 1h a straight line:

.In how many planes do these polnts lie? Name the
planes.. (4 - ABC, ABD, ACD, BCD).

'In how many of these planes does the line “BC:. 1le?

tﬁd different planes each contain the sane three'points,

what can you say about the three points? (the points are

‘on a line.)

In the figure at the right A B
a. What is CD () plane BCF?’
(point C) .
b. 'Wéit is plane BCF () plane- EFD? D c
(CF) ' :
‘c.. KB N CD. (the empty set)
ABN41s ﬁhe‘intersect{Pn of .
-plane ABC and plane .
. (plane ARBF) , E _F
"In the figure at the right A B
a. What 1s plane ABF {) plane
# CDG? (the empty set) .
b. What 1s CD () plane CDG? D ¢
" (CD) :
¢. What 1s plane ABF {)plane T E ‘F
ABC? (AB)
d. What 1s plane ADG () plane . H

" BFH? (the empty set) 4

[o]
L¢\8
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7. In the corresponding blank to the left of each of the
following statements in#icate 1f 1t 1s true or false.
a. (False). The intersection of a line and a plane must
be a point. : ,
b. (True). If the intersection of two planes 1s not the
ampty set then the intersection 1s a line;
c. (True). A great many different planes may contain a
. certain pair of points. ’
! : d. (True). If two different lines intersect, one and only
' one plane cgntains rtoth lines.
e. (False). Skew lines are lines that do not intersect.
8. Multiple Cholce. (Use drawing st the right.) A

a. AB 1s the 1ntersection of
1. CB and BD
2. AC and AD
3. plane ABC and plane ABD
4, A and BC

'b. Points C, B, and D 1lie in
| 1. plane ABC |
2. plane ABD
3. CB :
4, none of these.
¢. Plane ABD r\EB 1s _
Point B : .

1l..
2. Point A
- 3. AD
4, AB
d. KE N KB is
1. AB .
2. Point B . - - .
3. .plane ABC and plane ABD ‘ o '
4, Point A
e, KE r\EB 1s
1. plane ABC
_ 2. the empty set |
’ 3. plane ABD . ‘ - e
. n : :

none of these.




Chapter 5 \'
E , FACTORING AND PRIMES \

5-1. The Bullding Blocks of Arithmetic. | \

. It is anticipafed that this chapter will take 16-18 days.

- A less able class may need more time and a more able class may
make faster progress; but 1t is important not to push pupils
faster than they can assimilate the material.

There 1s an opportunity here for the teacher to point-out
that certain similarities and differences exist in the operat’ons
-of addition andkmultiplication of counting numbers, Both have
the commutative and associative properties but the distributive
pfoperty'applies only to multip;ication over addition. Addition
18 not distributive over multiplication. The point made in the
text 1s that the counting numbers may be built by usirg 1 and

. addition. They cannot be built by using 1 (or any other count-
ing number) and multiplication. : '

To construcf the counting numbers by addition and 1, we
stért with 1 and add 1 " as follows: "1 + 1 =2 and . 2 + 1 = 3,

~and 3+ 1=14, and so on. In multiplication, 1 -1 =1 and

" .this product multiplied by 1 1s still 1 so that We cannot -
build the next counting - number. The reason for this 1s that 1:
is the identity element in mu;tipliqatiop. Note that zero is. the
identity éiehént in addition'and we cannot use zero and addition’

".to bulld the counting numbers. Also, 1f we use 2 and multipli-
cation, we have 2 - 2 = 4 and 4% - 2 =8, and 8 - 2 = 16.

' We thus build some of the numbers but not all of them.

If the example for Exercises 5-1 18 not enough, ‘try additional

. ones as 28 =7 + 4% and 38 =2 . 19; 13 (no); 29 (ro). It
may be necessary to emphasize that the factors must each be
smaller ‘than the product. This excludes the response: 13 = 1 -13.

- In these exercises a response may be 12 = 2 i 6 or
12 = 6 - 2. The commutative property of addition may again be
called to the attention of the pupils. Also, there may be
different possible choices of factors as in 12 =43 or 6 -2,

L4
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- Answers to Exerciges 5-1

1. 6 - 2; 3 -4 - 10, 2 -21; 3 - 14 6 -7

2. 2+ 18; 3 - 12; 11, 2 - 28; 4 « 14; 7 .8
Yy «9; 6-6 ) '

3. no 12. no

4, no ' 13, 2 - W1

5. 2+ & 14, 5+ 19

6. no , 4 15. no ‘

7. 7°5 - 16, 2 - 42; .3 - 28; 4 . 215

6 - 1l T - 12
8. nc - 17. 3+ 26
9. 3 - 13 | 18. no

| |
5-2. Multiples. .
If the questiop arises, a number 'is a multiple of itself,
so_that 6 1s a multiple of 6 since 6 - 1 =6, Zero is a.
multiple of every counting number, sinze n-+ O = O .where n
1s any counting number, In the sieve to be made 1atef; the
first number in a collection of multiples 1s circled, These
numbgrs'are multiples but they'are prime because they ars no
" multiples of smaller numbers different from one. All numbers

' are multiples of one,

Answers to Exerclsés 5-2

1-9. Any three multiples for. each number are acceptable.

'10. 1@ 3 ¥ 56789 1 111 13 K 15 W

T 17 B 19 2 | .
| 1. 1 2@ % 5§ 7 8'g 101 1 13 18 1 16
17 8. 19 20 \ . 3 -

1

i
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12, 13, 26, 39, 52, 65, 78, Ol -
13. 7 @ o 8r 15 ¥ @) 1e7 @ 25
. 3% 69 213 48 105 |
14, 56, 64, T2, 80, 88, 96
"‘\15._ SSS 1s a multiple of 111.
' 111 =3 - 37
The only two digit multiples of 37 are 37 and T4,
hence E must be either 4 or 7.
If E =4 then consider the products
(14) (74), (24) (78), (34) (7%) etec.
However, (14) (7%) > 1000, hence, all products ( ) (74) >
10000 and E cannot be 4.
If E =7, consider the products
(17) (37) = 629
—__ (27) (37) = 999. -
W=2,M=3, E=7,8=9
and the answer is

27

2L
999 | !
. Exercises 5 2 may be ‘supplemented and more multiples asked
for if tpe puplls appear to need more pracq;ce with multiplication

facts. Here i1s a disguised opportunity for drill on these facts.

r

5-3. Primesﬁ

In making the "sieve of Eratosthenes’, which should be a
class exercise, the pupils have the opportunity to discover the
set;of prime numbers less than 100. At the same time they are
learning to use the word "multiple". It will save class time for
‘the teacher to have prepared on ditto sheets the numbers from 1
“to- 100 srranged in columns of 10. 1In view'of‘the'questions
following Problem 15 of Exercises 5-3a&, the numbers from 100 to
200 could be included on the sheet. It would be wise to separdte -
:the two sets of numbers. The word "sieye" has been used because
'all the numbers that are not prime numbers, except ‘the number one,
vare sifted out and prime numbers remain, It should be stressed

]
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that the number one 18 a specilal number that is neither prime nor
a multipie .of a prime number. The number two is the only even
number that is a prime number. The sifting process 1s complete
after the multiples of 7 are crossed out. The reason for this
is that 7 ,48 the large:st prime less than the square root of 100.
. 1If the pupils ask for an explanation, the follewlng 1s sug-
geséed. If the sum of two terms is n, it is not possibie that
both terms are greater than %. In the same wey, 1f the pioduct
~of two factors is n, 1t.1s not possible that both factors are
sreater than v@i' Consequently, 1f we are searching for factors
of a whole number n, and fini that there 1s none which 1is 1ess%
than /M, then we may be sure that n i1s prime. Hence, all
ngmbers less than 100 which have no factor less than 10 are
.prime since for all such numbers n, V/;-< 10.

' Possible explanacions ror not circling 1 1in the 1list of
numbers may include the statement that if "1 were circled and
all the rest of its multiples were crossed out, no numbers would
remaln. Actually the dedision to exciide 1 from the primes 1is
arbltrary. Some writers include i1t and later in theorems where
1t does not apply, (as in unique factorization) specifically

speak of all primes except 1.

Numbers 1 to 100

. @ B ¥ (B &y e

@ 1 @ » » a6 Q) I8 20

- 21 22 (@) 2 5 26 2r 8 (@9 3o
37 33 3 35 ¥ () 38 3 Lo

B) ¥ @) s iz b 48 b s
a5 52 ~ 5 55 6 5T 58 e
; 6) 6= 63 ¢ 55 56 58 6o 1o
. @ = > o 2% e € (9 8o
Br 87 (@) &Y sy 86 ST 88 (B9 e

9T 97 9¥ & gy 95 () & 99 1o
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Numbers 101 to- 200

@D 16z @0 1o 105 106 @0) 108 {09 10
r e (1) ok 15 16 1T 18 ue l20
ler lez 123 12¥ 125 126 (2D 128 oo 13e
@) 132 133 13k 185 136 (3D 18 @39 e
U e s U s e 147 8 (49 1se
G) 152 15w 1 155 156 ﬁii? B8 159 166
mm%mwm&mww
A e arr 235 1% 117 18 @) 1se
G8) 18e 183 18% 185 186 187 188" 189 196
@) 192 @) 19 195 196 (9D 198 (99 200

Answers to Exercilses 5-3a

(It 1s suggested that at least the first 6 of these exercises
should be answered in class, with discussion.)

1.

The multiples of 11 were all crossed out in advance except

for 11 1itself.

The multiples of 7 f;nished the crossing out process,

2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47, 53,

59, 61, 67, 71, 73, 79, 83, 89, 97.

25,

15.

Al}l numbers would be crossed out except 1.

10, 20, 30, 40, s0, 60, 70, 80, 90, 100.

T, 14, 21, 28, 35, 42, kg,

33, 36, 39, 42, 45, 48, 51, 54, 57,

15, 30, 45, 60, 75, 90.

a., 8

b, 3 and 5, 5and 7, 11 and 13, 17 and 19, 29 and 31,
41 and 43, 59 and 61, 71 and 73.

Yes. 3, 5, 7.

a,: b,

®‘ @ @.—u lC? i@ CDla 82 QOJ:O Q@ ' 12
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~d., Yes. 2, .
#14, 3, 5, 7, 11, 13, 17, 19, 23, 29.
#15, a, 8 1s a multiple of 2.
b. T + 7 is 49, but 11 + 11 1s 121. (The largest prime
less than VEEB 18 7. See explanation under 5-3 Primes.)

The questioné following Problem 15 of Exercises 5-3a are
§t11l more difficult and are not intended for all pupils, Some
pupils, however, may wish to continue the sieve for numbers from
101 to 200. Such work should be entireiy voluntary.

#16. ‘There are~21 prime numbers in the set of numbers from 101
to 200, The primes are 101, 103, 107, 1lo9, 113, 127, 131, 137,
139, 149, 151, 157, 163, 167, 173, 179, 181, 191, 193, 197, 199\,

#17. Twin primes are 101 and 103; 107-and 109 137 and 139;
149 and 151; 179 and.181; 191 and 193; 197 and 199.

#18. There are no prime triplets except 3, 5, 7 because every
third odd number after 3 is a multiple of 3.

: If your pupils are curious about primes, they may be
1nterested in some of the unanswered questions which have been
raised. Primes seem to increase in an irregular and mysterious
way. Mathematicians have searched fpr,yéais:for laws about the
distribution of primes. In his book on geometry, Euclid proved
that the series of primes never comes to an end. No matter

" how big a counting number you choose, there i1s a prime larger
than that number. '
. Here i1s th= simplest proof that there is no largest prime
number,
‘Let p be a prime number. Let N be the procduct of all
prime numbers from 2 to p. _
N=2.3.5.7 .11 .13 « ... ¢« P,
Look at N + 1.

p N+1l=(2+3.5+711 13+ ... *p)+ L
This number leaves a remainder of 1 when divided by any of
. the prime numbers 2, 3, 5, 7, 11, 13, ..., p. Hence N + 1

1s not divisible by any of these primes. If N4 1 can be
factored into prime factors then each of its prime factors is -

116 ' .
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greater than  p. On the other hand i1f N+ 1 1s a prime, then
it 1s a prime E}eater than p. Thus, Wwe have shown a method for
constructing a prime greéter than -any given prime.

Examples are:

2+3+1aT7 prime.

2+3+*5+1=231 prime

2+ 35«7+ 1=211 prime

2 3 5«7 11 + 1= 2311 prime
1= 30031 = 59-509

2 3% 5«7 11 13 +
‘ .

Euclid proved that there are in the series of primes as
large gaps a3 you please., For example, let "N" be an abbre-
viatlen for the number: -

“N=1-+2+3 4. _ . 101, ‘

obtained by multiplying all the counting numbers from 1 to 101.
In ordinary decimal notation, N 1s a number of about 150 digits.
Then none of the numbers : ‘
. , N+ 2, N+ 3, ..., N+ 101

is’a"prime. For example N + 2 1s a multiple of 2 since _

1 .23 ,,.:100 4 2=2(1+3 . be,,, 101 + 1),

N + 3 is a multiple of 3, etc. Here are 100 consecutive counting
o numbers which are not primes. So we have found a gap of at
least 100 in the series of primes. ’ R

“In his 1nvest1gation of the large gaps 1in the series of
primes, the Russian mathematician, Chebyshev, proved that between
any coqhting number and its double, there is at least one prime.
In mathematical language, if n 1s any counting number, then
there 18 a prime p for which

nggpg2.n
This 1s a way of stating that there cannot be too 1arge a gap
betWeen any prime and the next prime,. |
* It 18 unknown whether there 1s a prime between any two
congecutive squares., As far as anyone has calculated, 1in the
sequence of squares:

12 =1, 22 -4, 32=9, 16, 25, 36, ...
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we have always fodnd at least one prime between any two consec-
utive squares., No one has ever proved that this is always true,
and no one:has found two squares between which thare is no prime,

The small gaps in the series of primes are also mysterious,
After the brime, 3, the smallest possible gap is 2.

~ On studying tables of primes, we find that the twin primes

~become increasingly rare., .The unsolved problem is: Do the

twin primes become 30 rare that beyond a certain number there are
no more twin primes? The other possibility is that no matter

how large a number we choose, we can always find twin primes
1arger than this number,

. The primes are the building blocks of the system of -counting.
“numbers when we use the operation of multiplication, and the idea” :
of "prime number" comes from the operation of multiplication.
Séme of the'most fascinating problems arise when we try to relate
primes to the operation of addition. .

In 1742 (2) the mathematiclan, Goldbach, wrote to the
great Swiss mathematician Euler. He had noticed that every
even number from 4 on seems to be the sum of two primes.

For example,

b= 24 2 6 =3+ 3, 8=34+5 100= 5+ 5

20 =7+ 13, 32 =13 + 19, 64 = 3 + 61, etc. '

Goldbach wrote that he had not been able to find an even
number greater than 2 which 1s not the sum of two primes, He
asked Euler whether it is true that every even number greater’
than 2 is the sum of two primes. Neither Euler, not any other
mathematician up to now, has been able to prove or disprove
this statement.

Answefs to Exercises 5-3b

\

1. 90, 91, 92, 93, 9%; 95, 96,
Number of Twin

2. Number Twin Primes Corntained in This Series TITET
a. 116 (3,5), (5,7), (11,13} 3
17 - 32 (17, 19), (29, 31) 2
33 - 48 (1, 43) 1

1

hg - 64 (59, 61)

1 A8
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(continued)
Number .Twin‘Primes Contained in this Series Numb;;izisTwin
65 - 80 (71, 73) \ o1
81 - 96 . none :. Co
T 97 - 112 (101, 103), (107, 109) 2
©113 - 128 none ‘ 0

b. Since there are Series of numbers where there are no
" primes we might think primes occur less often as the
series become larger. )
"3.' A difference of 1 means that one of the primes must be even.
- The only even prime is 2,
4, A1l other even numbers are multiples of 2.

5. {5,11), (7,33), (11,17), (13,19}, (17,23), (23,29), (31,37),
(37,43), " (u¢,47), (47,53), (53,59), (67,73), (73,79), etc.

o

) (89, 97) The largest difference is 8.
T> a.. 54+ 7

b. T+ 7, 11 + 3
¥ e. 1343, 11+ 5 (
d. 3+ 47, 7+ 43, 13+ 37, 19 + 31
e. 73+ 3, 5+ 71, 17+ 59, 23 + 53, 47 + 29
f. 11 + 83, 89+ 5, 23 + 71
. 8. 1813 The sequence consists of the prime numbers that end
with the digit 1 o . -

5ﬁ4.._Factors.

The purposes of this section are to develdp understandings
of. the terms "factor," "complete factorizatlton," and "composite
‘number.“ The unlque factorization property is discussed, and
theiproperty should be understood even if its name is difficult,
‘The pupils may prefer to say that no matter how the factors of
a number are found, the same set‘of factors: always occurs in the
complete factorization of a number. The order_may differ but the
factors will be the same. e ' '
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As a matter of interest, the unique factorization property
is usually referred to as the Fundamental Theorem of Arithmetic,

Notice that the definition of factor includes zero. Also,
zero has factors (of which one must always -be zero). Problem 4

of Exercilaes 5-45 serves as a basis of discussion of zero. So
does Problem 5 of Exercises 5-lc, \

In tha‘explanation leading to the definition of a composite
number the expression "2 distinct factors" is often used. For
our readers We choose to use the word "different" to emphasize the
reqdirement that the factors are not alike.

As the pupills write the factors in different order, oppor-
"tunity arises to show how the commutative and associative prop-
erties of multiplication are used to re-arrange the factors. In
the complete.faétorization for a prime number 1like 17, only one
factor is wfitten. We do not write 17+ 1 since 1 is not a
prime number. ‘ : .

It is not mandatory that pupils use exponents. They should
be éncouraged to use them, however, wherever it is reasonable

to do so.

Answers to Exercises 5-4a

N R~ WU
= O\
w
v Now
0o o
H R
~ @
(o)W —g
0
"
w
[
=

O

6 or 27 - 2 or 3 - 18

1-1

0 * any number

{1, 2, 5, 10}

{1, 31)

(1, 2, 3, 6, 9, 18}
{1, 3, 7, 21)

o o M B TR Y0 Q0 T W
o)
w
o)

[

e. (1, 7, 11, 77}

r. f1i, 2, 3, 5, 6, 10, 15, 30}
g. (1, 13}

h. ({1,3,9)
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b, zero :

5. a. 1,2,5,°10 . c. 1 _
b. 3 4. 2, 3, 6

8. a. 5 e, 1 1. 13
b. 8 _ , f. any number v 3. 17
c. 30 2 g. 2 k. 18
d. 0 h, 2. 1. 2

Answers to Oral Exercises 5-4b

‘1. a., 2 ‘has factors 1, 2
b, 9. has factors 1, 3, 9
¢, 26 has factors 1, 2, 13, 26
d. 61 has factors 1, 61 ‘
e. 133 has factors 1, 7, 19, 133
£f. 97 has'factors 1, 97
‘g. 52 has factors 1, 2, 4, 13, 26, 52
h. 79 has factors 1, 79.
9, 26, 133, .and 52 have more than two different

_ factors.
2, 9=3 -3
26 = 2 « 13
133 =7 - 19 | .
52 =2 - 26 or 4 . 13
3. a. 23 b. 35 c. 2222 d..2 23
e. 31 £. 57
. Answers to Exercises 5-4c h
1. a. Complete i . . d. Cbmpiete
" b. Not complete e. Complete
¢c. Not complete - f. Not complete
2. a. Composite e. Composite
b. Prime ] f. Composite
~ . C. Composite ' g. Prime -

d. ' Composite
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3, A, B .2 c. 3° )
T 4l 3%.2 e. 3.
£, 302
4, a, 261, 13 + 2 .
b, 38 -1, 192 .
c. 36-+1, 18°+2, 123, 94, 6 -6
. 68 1, 342, 17 - 4
e. 811, 27 °3, 9 -9

£. 100 -1, 50 -2, 25+ L4, 20 -5, 10 - 10

5. &a. No, zero 18 not a factor of 6 since there is not a
number which, when multiplied by zero, gives a product
of. 6. ,

b. Yes, 6 1s a factor of zero since the product of 6 and
zero 1s zero, Thus, the definition is satisfied.

6. a. 1, 2, 4, 5, 10, 20}
b, 20=2.2+5=2%.5
c. 1, 4, 10, =20.

7. a. 3.5 : 4. 3°. 5
b. 26 e. 27 7
e 3¢5 T £, 2 -'52

5-5. Divisibility.

' Divisibility is a property of ‘a number.. It is the number,
not the numeral, which 1s divisible by another number. The
‘numeral 1s a way of writing the number. In base ten, a numeral
which represents an even number ends wlth an even number. In
+ base five this 18 not necessarily so. This is 1llustrated in
Problem 5 of Exercises 5-5a, ; :
‘The idea that 24 = 8:a& also'means 24 + 8 = a 1s pre-
sented here to begin the preparation of pupils for Chapter 6.
° It 1s not necessary that 1t be stressed heavily at this time.
_ Casual treatment may be better. Each time 1t is touched upon
the meaning should become clearer.

]
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Answers to Eiercises 5-5a

1. Ne. ) '

2. Even, since O 1s divisible by 2.¥
3. a. even - e. odd .
 b. even ' ! . even
c. even - g. odd
d. even ' h, odd -
4, a. even - ~ g. .even
. b. even . h. odd
: c. odd | 1. odd
d. even . J. odd -
e. ‘even k. even
f£. odd ‘ 1. even
5. a. even ., d. odd
b. odd e. even N
¢. even ’ f. even
6. a}‘ even ' ¢c. even
b, odd ' d. even

7. Divisibility 1s a property of a number.
 See the discussion on the previous page.

8. Even. The number 2 * a (where a 1s a whole ‘number)
is divisible by 2 since 2. 1s a factor.

In the development of tests for divisibility, it may be
' necessary to use additional numerical examples for slower puplls.
- In the text we do not give the test for diyisibility by 3
as we hope the student will be able to discover it himself The
.test he should eventually find 1s:
A number is divisitle by 3 1if the sum of the digits
° in 1ts decimsl numeral is a number which {3 divisible by 3.

In the exercises the puplls are asked to develop tests- for
divisibility by 10, 5, 9, 4 and 6,
It should'be made clear that a demonstration which shows
- that a rule works for several examples does not constitute a
u.prOOf that 1t 18 true for all cases. Only one counter-ekample
18 needed to show that a statement 1s not true in general.
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page 168-169:, 5-5

Tests for_divisibility for 7, 11, 13, for example, exist.
" See Mathematics for Junior High School, Supplementary Units (SMSG):

. Unit 3. : . -
Answers to Exercises 5-5b

1. a. yes d. yes
b. no e, yes
C.. NO / f. yes

2. a. 1T o d. 71
b. 30R 2 : e. 3334
¢. 28 R2 £. 48y

3. 10, 20, 30, %0, 50, 60, 70, 80, g0, 100.
Each numerél.has O 1in the ones place.

4, 5, 10, 15, 20, 25, 30, 35, 4o, 45, 50, 55, 60, 65,
70, - 75, 80. 5 '
Each numeral has O or 5  1in the ones place.

5. Typical examples may be:

9x62=558, 5+5+8=18
> 9x 568 =5112, 5+ 1+ 1+ 2=09

6, 128 + 4 =132; 28=7 . &

; 103 R 1; 13 1s not divisible by b
5012 + 4 = 1253; 12 =3 . &4
5 09 1s not divisible by 2
10

5=
b=
(6%}
{
5=
I

o)
o
\O
{
5=
I
\Y]
3
o1 ]
o)

[T « )

,7 ®

s Fa oo
O~ »

‘:’q’“"\o(:>\o O O O
®s55565580

(XXX XX @ (@ e
O-EO- -@-@
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" page 170-173: 5-5

I.@ ® ® 5 @ 10
_{ k. 2 3 4 5 9 .10
1. @ 3 v ® 9 @

8. Yes, because 3 1s a factor of 9.

9, a. Yes, because 2 - 3 is 6.
~ b. Yes, because 2 and 3 are factors of 6.
10. a. 1k4 b. 102 c. No. d. 50%

Angwars to Exercilses 5=5¢

1. 5 11. 2 -3 « 19 20. 2° . 5°
2. 2 12, 2 - 72 21, 28
3.7 13. 22 -3%. 5 22. 37

y, 2 14, 2 .3 - 43 23, 22 . 52

5. 3 15, 2+ 3° | oy, 11

6. 2 16, 22 .3 .37 25. 22 .57

7. 3 17. 5° - 3 26. 2°

8. 11 18, 77 - 11

9. 2+ 23 19, 32
10. 5 ° 13 _

*27. 34’ 22 ¢ 54: 212’ 372: 210 ¢ 510, 112’ 26 * 561 210

#28. An even number of times. No.
#29, It is always the square of a prime: . (1, 2, 4},

9: (1, 3, 9]: 25: [1{ 5, 25): ete. -
*30, 1, 2, 3; sum =6 1, 2, 4, 7, 14; sum = 28

- Typlcal example: 15: 1, 3, 5; sum = 9
R : 8 1, 2, 4; sum=T
Thus a perfect number 1s equal to the sum of all its factors
less than ltsaelf.

Note that if we find the complete factorization of a ;lumber
that 1s a power of 10, the prime factors 2 and 5 appear to
the same powers in the factorization.

That 1s: 10 = 2 - 5; 100 = 10° = 22 . 52
1000 = 10° = 22 - 52, ete.
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5-6. Least Common Multiple.

The purpose of this section is to cevelop ckill and under-
standing in finding common multiples of several numbers and in
finding the least common multiple of several numbers, Pupils are
given the method of listing multiples of each in the text.- The
method of dsing the complete factorization of each number is dis-

‘cussed in Problem 11, For very slow pupils the second way may
be too difficult,

It is recommended that the phrase, least common multiple,
instead of the abbreviation LCM be useéd in oral work. Stress
that "multiple" in this sense means "multiple of a counting
number, " _ ' T

Zero 1s not acceptable as a multipie here, if Zero were
allowed as a multiplier, .then every number would have zero as
its least multiple since O : n =0 for any number n.

Common multiples are investigated before the least common
multiple 1is introduced. The use of the LCM in work with fractions
again provides opportunity for drill in fundamentals. Exercises
5-6 usefmultiplication facts and here pupils may be asked to work
with multiples which involve multiplicacion facts they are un-
certain of as they 1list multiples of 7, 8, and 9.

‘Notice that only the denominators of fractions are discussed.
The problem of writing different forms or changing %- to T% is
treated in- Chapter 6 and could not be developed here,

The method of using complete factorization is the direct
method. It may be too difficult for slower pupils., For teachers
who wish to develop 1t, the following examples are included.
Examples: Find the least common multiple of 12 and 18,

12=22x3 : 18 = 2 x 3°
Any nimber which is a multiple of 12 must have 2
as a factor and also 3 as 3 factor.

2

=
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Any number which 1s a multiple of 18 must have 2 as

a factor and also 32 as a factor,

Thus a number which is a common multiple of 12 and 18
must have among its factors all of the following

22 3, 2, 3%

But a number which has"22 as a factor certainly has 2 as a

" factor. Similarly, a number which has 32 as a factor certainly

»_hés 3 as a factor. Thus any number which has the two factors
22 and 3% will have all four of the factors. 2°, 3, 2, 3%, The
smallest number which has the factors 22, and 32 1s 2° x 3% = 36,

- On the other hand, 22 x 3% 1s a multiple of 12 (which is
22 % 3) and it 1b also a multiple of 18 (which is 2 x 3 2y, Tt
'is their least common multiple, DNotice that the power of each
prime factor in the least common multiple is the larger of the
powers to which it occurs 'in the two gilven numbers, -

Summary of Method: (1) Find the complete factorization of
each number. (2) Notice which primes occur in at least one of
the factorizations. (3) For each prime noticed in (2), write
the largest power of 1t which occurs in any of the factorizations.
(%) Multiply all the powers written in (3); this product is the

least common multiple,.

Answers to Exercises 5.6
1. a. The set of multiples of 6 1less than 100: -
(6, 12, 18, 24, 30, 36, 42, 48, sk, 60, 66, 72, 78,
84, 90, 96}
b. The set of multiples of 8 1less than 100:
(8, 16, 24, 32, ko, 48, 56, 64, 72, 80, 88, 96]
.c. The set of multiples of 9 less than 100:
(9, 18, 27, 36, 45, sk4, 63, 72, 81, 90, 99}
d. The set of multiples of 12 1less than 100:
(12, 24, 36, 48, 60, 72, 84, 96} ,
2. a. The set of common multiples of 6 and 8 less than 100:
(24, 48, 72, 96}
b. The set of common multiples of 6 and 12 1less than 100:
(12, 24, 36, 48, 60, T2, 8L, 96)

1%%
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e¢. The se@sof common multiples of 8 and 12 less than 100:
(24, 48, 72, 96} .
The set of common multiples of 8 and 9 1less than 100:

d.
(72) -
3. a. The least common multiple of "6 and 8 is 24,
. b. The least common multiple of 6 and 12 1is 12,
¢. The least common multinle of 8 and 12 1is 24,
“d., - The least common multiple of 8 and 9 is 72.
. 4, a. 10 e. 30 e, 30 g, b2
b. 12 4. 12 £ 60 h, 72
5. a. ’ 6 f. 26
b. 15 g 77
c. 21 ’ h. 39
d. 35 i 1. 1k
e. 22 ' j. 30

6. The least common multiple of 3 numbers is the smallest

fcoﬁnting number which is a multiple of each of them.

T. The least common‘multiple of any set of numbers is the
smallest counting number whiéh is a multiple of each number
of the set of numbers:

8. a. .6 b, 6 .

9, The least common multiple of ;d§f€&8f numbers is at least as
large as the largest number of‘fhe set,

10. .a. 12 e. 20 . e. ho g. 60 i. 30
b. 8 a. 18 £f. 60  h, 60 j. ok
*11. a. 48 - e. 45 e, 112 g. 72 i. 660
b. 1% 4. 70  f. 60 h. 360 J. T2
.#12, a. "No. b. No.

c¢. No., Any multiple Jarger than a given multiple can be
found. :
*13. a. The product of 2 counting numbers is the LCM of the
" 2 numbers when they have mo—common factors except 1,
b. -- when they hayg}po,commoh'factors except 1.
*14, He placed 1-in the first cup, 1 in the second and 18 in the
third, and said that all were odd since 18 1is an odd
number of lumps of suspar in a cap of coffee,

128 L
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5-8. Chapter Review.

- Answer$ to Exercises 5-8
1. 2,3, 5,7, 11
2, (41, 43, b7, 53, 59)
3. Yes, 2 ' )
4, a., 8=54+3 b, c2b =114 13=19+5 = 1747

5. 2, 353 No, any other set of two consecutive numbers contains
a number divisible by two.

6. {10, 20, 30, 40, 50}

* 3
"8, a., Composite d. Prime
b, " Prime ' e, Composite
¢, Composgite f. Composite
9. a. (1, 2, &%, 8) ¢, {1, 19)
b. (1, 2, 3, 4, 6, 12) e. {1, 3, 7, 21}
c. (1, 2, 4, 8, 16) r. {1, 2, 4, 7, 14, 28} -
10. ‘a. (1, 2, ¥) d. {1, 2, ¥)
b, (1, 3} e. {1, 2, 1)
c. [1) . (1) ’
11, a. 5 - 7 a, 2+ 3 11
b, 2+ 2 or 2° e. 2 -2 . 5 or
c. 3+ 3 3 or 33 22 35
' £, 377 or 3. 7°
12, a., 2.3 .13
b, 222 .7To0r2% 7
, c. 2.3.3 or 2.3°
d. 2+5+5+5 or 25
e, 2+:2+2+2 2+:3 or 2° .3
f. 2+ 5+ 11
13. a. Yes, 1; Yes, 1
' "b. Yes, 3
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14, a. 100 © b, b2 c. b

15. ;b 'is a whole number, g multiple of 2, a multiple of c,
‘an even number, divisible by 2, divisible by c, and has
the factors 2 and c, )

Y 6. a. 2 @ + B 6 9 10 -
b. é%; ® % 5 ® 9 10
<®@ @ ® e 6 I ©
iN2 3 4 (B -6 9 10
e. 2 (:)' b 5 6 (:) 10

17. a. 36 4. 4o
b. 30 ‘ e. 24
c. 16 £f. 120
18. a. 2 . d. 12
b. 7 e. 2
c. 11 £f. 5
19, =—--

20. Always.
21, Sometimes,

22, After 15 minutes they will strike together,

5-9. Cumulative Review,

Answers to Exercises 5-9

3 1. 20 o

2. a. Base 4 b, 32
four
k, - a. 21 b, 21 c., 31
5. b. odd
6. (2 x10%) + (3 x 10%) + (0 x 10) + (% x 1)
7

. @a. Division. ’ b. Subtraction.

13
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, 8. a. Yes, . b. No. g
B . :
9. a. 8
b. Any whole number,
c. O

10. The associative property of multiplication says.that if
. We multiply three numbers, we may group them any way
we please without changing the final result, - '

’ 3-4‘<boc)=(a{b) e / ',"(

11, a, 8 i1s less than 12,
- b. 3% is greater than 32,
¢c. 5 1s larger than 3 and 3 is }arger than 2,
12, a. D | /
" b, The empty set. ;o oot '
'"c.’_Many examples -such as ?ﬁ? and T3, GH and Tﬁ?, etc,
"d. Point D. ] iy
e, Point C, - £

Sample Test Questions for Chapter 5

A . .
Teachers should construct their own tests, using carefully

selected items from those given here and from their own. - There
are too many questions here for one test, Careful attention
should be given to difficulty of items and time required to
complete the test,

I. True-False Questions

(T) 1. Every composite number can be factored into prime
numbers in exactly one way, except for order.

(F) 2. The sum of an odd and an even number is always an
- even number,

(T) 3. Some odd numbers are not primes, .

Aa M
o
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(F) u.lvaery'compgsite number has only two p;ime factors.br
(F) ‘5. The number 51 ;s‘a prime.
. (T) 6.. All even numbers have the factor 2.
| (F) 7. Any mﬁlﬁiple of a prime number is a prime.
(T) 8; 8 can be expressed as the sum of twin'primeé.

- (T) -9, Even though 1 has as factors only itself and 1, 1t is
not considered a prime number.

(F) 10. -Kiizoéd numbers have the factor”3.

(F) 11, No even number is a prime,

(T) 12. The least common multiple of 3, ¥, and 12 1s 12.
(Fj 13. The numbér one 1s a prime factor of all cdunting numbers.,
(F) 1%, The greatest common multiple of 2, 5 and 10 1s 100. |

(T) ?5. The difference between any two prime numbers greater
than 100 18 always an even number.

~(F) 16. The number 41 is a composite number,
(F) 17. A multiple of 6 must be a multiple of 18,
(F) 18, The least common multiple of 2 and 6 1s 12.°

(T) 19. The greatest common factor of any two even numbers
1s at least 2. '

II. Multiple Choilce ) 5

N !
20. ch of the following is an odd number?
!
2legve Y
\
o \
(v) 33seven L,
(c) 1040 ~
(d) 18twelve

.(e) None of the above 20_ (a)

21, The greatest common factor of 48 and 60 is:
' (a) 2x 3 '
(bp) 2x2x3
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22.

23-

24.

25.

26,

<y

(c) 2x2x2x2"~'x3x5
(d) 2x2x2x2x2Xx2x3X3x5 \-

(e) - None of the above. : . 21__(b)

IFEVery counting number has at least the following factors:
“ (a) Zero.and one

(b) 2ero and itself

(c) Oneg and itself
(d) Itigelf and two

~ (e) None of the above 22_ (c)

‘In-the complete factorization of a number

(a) - All the factors are primes,

(b)t All the factors are composites,

(c) All the factors are composite except for the factor 1.
(d) A1l the féctqrs are prime except for the factor 1,

(e) None of the above 23_ (a) ‘
‘How many different prime factors does. the number 72 have?
(a) of '

(b) 1

(e¢). 2
-(a) 3 ,

(e) None of the above . ' ' 24 (c)

The least common multiple of 8, 12, and 20 is:

(a) 2x2
(b) 2x3 x5

(¢) 2x2x2x3x%x5

(d) 2x2x2x2x2%x2x%x3x5

(e) None of the above ‘ 25__ (e)
Which of the following 18 an even number? |
(a) (loo)three

- (v) (loo)five

(e) (loo)seven

“(d) (loo)tweive

(e) None of the above C 26 (d)



27.
28/
29.
. 30.
<P
- '
.
31.
32.

33.

-

Which of the following numbers 1s odd?

(a) 17 x 18

(b) - 18-x 11
“(e) 11 x20

(d) 99 x 77 | S

(e) None of the above. ' 27__(9)
'wﬁich of the following is not a prime number? There is

only one, o ' ’

(a) 271 (a) 282

{v) 277 _ (e) 283 |

(c) 281 - _ “ 28 (d)

Let a .represent an odd number, and"b represent an

' even number; then a + b must represent

(a) ‘an even number. . (d) a composite number.
(b) a prime number. (d) None of these,

(¢) an odd number. 29_ (c)

-If n represents an odd number, the next odd number can

be represented by

(a) n+'1 (d) 2xn .

(b) n+ 2 » (e) None of these

(¢) n+ 3 ' : 30__(b)

A counting number is an even number if it has the factor:
(a) 5 (@) 1 o

(b). 3 (e) None of these.

() 2 Cal_(e)

- Which of the following sets contains orly eVeh'numberS?
(a) (2, 3, 4, 5,9, 10} (d) (2, &, 10}

(6) (2, 5, 10} (e) (3, 9}
“(e) (3,5, 9} X 32__(d) .
Which of the following is a prime number?
(a) & (d) 33 _
(v) 7 (e) None of these.
(e) 9 - ' 33__(b)
134
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34,. Which of the following is not a factor of 2k

. (a) 2 () 9"
. (b) 3 A : (e) 12 o
o (e) H - o 34_-{q)
35; Which ofvthe'foilowing<1s the complete factorization of 369
(a) ¥x9 ' (d) 2x 18 ’
(b)) 2x3x6 ' - (e) 2 Xx2x3x3
(e) 3x12 a ‘ 35__(e)
36. The numbers 8, 9, 16, 20,.27, and 72 are all
(2) prime numbers. - (d) composite numbers, -
(b) even numbers. (e) none of thesé.
(c) Jodd,qdmbers. : _ 36__(d) :
37, How many multiples of ¥ are there between 25 and 509
| (a) 5 - () 11
e (B) 7 -~ {e) none of these
()9 37_(e)

38. If a whole number has 6 as a factor, then it also has the
following factors: o
(a) 2and 3 (d) all multiples of 6

(b). 2+ 3 ’ (e) none of these
(¢) 12 ©38_(a)

39, Suppose p _énd q are counting numbers and q is a
factor of p; then: '
(a) q 1is a multiple of p.
(b) p is a multiple of q.~
(¢) q@ must be-a prime number.
(d) the greatest common factor of p and q must be
~ less than q. ,

.- 39__(b)

- " (e) none of these.
,49.‘ The greatest common factor of 60 and 42 is
~(a) 2x3 ‘ (d) 2x3x7
-(p) 2x2x3 (e) none of these
(c) 2 x 3 x5 ' ‘ bo_(a)
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. 41, The product of two factors must be
- ‘(a) a composite number.
(b) a prime number, »
’(c smaller than one of the numbers.
(d) \smaller than both of the numbers,

(e) none’ of these. - b1 (a)

i.;j 42, The least common multiple of two numbers is always:
| " (a) ‘their product. '

(b) the product of thelr factors.

(c) the sum of their.factors. -

(d) the sum of the numbers,

(e) none of these o - b2 (e)

. 43, Wnich of the following statements describes a.prime.number?
'(q) a number which is a factor of a counting number? -
(b) a number which has no factors. ‘
‘(¢) a number which does not have 2 as a factor.
(d) a number which has exactly 2 différént factors,

(e) none of these. ' © 43 (4)
. _44, ﬁHow'many prime qumﬁers are there between 20 and boo
\ | (a) & o (d) 9
AN e (p) 5. - . (e) none of these.

(c) 8 . 4y !az
45, vhen two pfime‘numbers are added, the sum 1s
' (a) always an odd number. -
(b) always an even number. , : .
.(c) always a composite number.
"(d) always a pf¥ime number,
(e) none of these. . 45 (e)
46. The set of factors of the number 12 1s
(a) (1, 2, 3, 4, 8, 12} (a) (2, 3, 4, 6, 12}
(b) (1, 2, 3, 4,6, 12} (e) none of these.




. \\
ong, How many different factorizations of two factors each
dces 75 have? 5 ) \ .
(a) 2 - (@) 5 ,
4(5). 3 . , (e) 'nOné\of these.

() ¥ - \OM_(0)

48, The number of factors in the complete factorization of

82 1s _ _ :

(a) 2 A - (a) 5

(b) . '3 < (e) none of these.
() ¥ - | 18

_III. . problems |
49.i‘F1nd the coﬁplete factorizaﬁion of each number.

(a) 16 2
(») 100 | 22 ¥ 52
(¢) 57 3 x 19
) 50; ‘Find the grgétesﬁ common factor of each set of numbers.
| (a) 5 and 25 5 -
(b) 18 and 27 S
" (c¢) -60, 36 and 2U 12
51. Find the least common multiple of each set of numbers.
(a) 6 and 8 24
(b) 7 and 9 63
(c) 16, 12'and 6 48 , ‘

52,' Find the smallest number which has a factorization composed
of 3 composite rumbers. '

64 =

53. Show that a product is even if one (or mofe) of its
factors 1is even.’' At least one factor is 2. A

5%. Is the set of even numbers closed under addition? Show
that your answer 1s correct. Yes,

2n +2m = 2(n + m) which 1s an even number. -

55. 1If the complete factorization of -a number 1is 2 x 3 X 5,
"what factors less than 20 does the number have?

1, 2, 3, 5, 6, 10, 15.

37
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- 57,

Find all the common multiplés less. than 100 of these
three numbers: 3, 6, 9,
18, 36, 54, 72, 90.

Write all the factorizations of two factors for the

number 50,
1 x50, 2x 25, 5x 10,



Chabter 6 .
RATIONAL NUMBERS "AND FRACTIONS

By the time students have reached the seventh grade they
have acquired reasonable facility in performing the funda-
mental operations with fractions.

The rational numbers dare présented formally during the
latter stages of" the primary grades. At this. time, the Justi-
fication'ror fundamental operations with rational numbers is

‘bésed upon 2 serles of rationalizations which make use of the
"number line and’ subdivided regions in accordance with the
" maturity level of the students. - S

A significant and recurring theme in the seventh and
eighth years 18 the structure of the real number system. On
‘this level, it 18 belleved that the student 1is ready for a
more formal and comprehensive understanding of the real number
system in terms of the field axioms. The treatment cannot be

totally abstract, but it should be mathematically sound:; The
abatract framework can be indicated by a weaith of concrete
1llustrations and a well-planned teaching sequeﬂce. For

.example, the properties of the operations with whole numbers
such as the-commutative, assoclative, and distributive laws,
closure, and identity elements caﬁ be 1llustrated and applied

’.

" in specific cases.’
' The purpose of this chapter 1s to provide for the exten-

‘3ion of the number system from the counting numbers to the
rational numbers. ‘At this stage, however, the poin% of view
.becomes more abstract than before, The need for the invention
of the rationals 1is presentéd in terms of the fallure of
“closure of the counting numbers under division. After the
need for the creation of a system'of rational numbers 1is
established, the student is led to conclude that rules for
‘operation with these numbers are necessary if these numbers
are to become a functioning part of the number system, It 1is
assumed that these rules are, for the most part, known by .the
students.  In this chapter, the abstract theory upon which
these rules rest 1s carefully developed. The student learns,
for example, that the rule for multiplying fractions 1s not
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: an‘arb;trary'rule, but 1s, in fact the only rule which 1is
consistent'with the preservation of the properties of multi-
plication. '

The premise on which this approach 1s based is that,

-having once seen that there are reasons for operating with
‘fractions as we do, the student will perform these operations
with greater conf;dence and better underétanding even after
the exact nature of the reasons has been forgotten. It is
hoped that, having been exposed to this treatment, the student
will feel that mathematics has a logical foundation and.is
not just a collection of rules. This feeling can be estab-
1ished by the mere fact that the explanations are true even
_though some students may barely understand them. It 1s
believed tbat.this pedagogical principle has as much validity
for the less gifted academlcally as for those with considerable

- native ability in mathematics. : ‘

The outline below 1s a summary of the way 1n which these
1dgas are developed.

* SECTION 1 - The student is oriented to the approach that
the purpose of the chapter is to understand why the rules of
operation with fractions work as they do.

o It is shown that the set of counting numbers
is not closed under division. '

SECTION 2 -~ The rational numbers are invented.

SECTION 3 - The distinction between ratianal numbers and
thelr names, fractions, 1s made.

[

SECTICN MI-VThe meaning of division as the 1nverse:of
multiplication 1s'explained.

SECTION 5 - A more usable form of the definition of
rational number 1s glven.

SECTION 6 - It 1s explalned that 1f the operations of
multiplication and addition are to be extended to oberate on
the rational numbers then this extension must be made in such
a way as to preserve the cheracteristic properties of these
operations. The characteristic properties of multiplication
and addition are reviewed.
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i SECTION 7 - The reaSOn.;J[ the multiplication of rational
; numberd must follow the standard pattern is shown. The

i apecial case of the multiplication of two rational numbers
ﬁd-where one of these numbers is a whole number is included.

Bt

. . ~ SECTION 8 - The Multiplication Property of 1 1s used as
* the basls for changing the form of a fraction to an "equiva-
1ent fraction . , e

SECTION 9 - The reciprocal is introduced and defined.

'-SECTION 10 - It-1is shown that, since division is the
inverse operation of multiplication, the division process may
be treated from the point of view of multiplication. The
a&aﬁdard pattern of multiplyihg by the reciprocal of the,
divisor is developed -

SECTION 11 - It is shown that the retention of the dis-

tributive property makes 1t necessary to.add rational numbere
'&s we do. The addition of rational numbers with the same

denbﬁinators and then with different dencminators is treated.

. SECTION 12 - Subtraction of rational numbers i1s treated
_ as the inverse operation of addition. '

The points at which the greatest difficulties may be
expected are Sections 4, 5, and 6. In Sections 4 and 5 it is
\ explained that '
. b,' X =a
. means the same thing as

. X a+b
This idea is very important in this development of the
Brational numbers and is stressed in many problems both before
and after this section. These problems may seem quite repe-
- titious but, for many students, a great many problems will be
needed to drive home the idea so that when 1t 1s used in a
'rather complicated setting in Section 8 the student will be
on famlliar ground.
- In Section 6 the definition of % ‘a8 the number x for
" which b . x = a, and the pattern b - %': a, are developed.
The succeeding treatment i1s based upon this definition.
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In Section 6 the need for preserving the properties of
the arithmciical operations when they are extended to operate
on tne rational_numhers i1s ~upported by an analogy. It 1is
hoped that the students will find this analogy convincing.
The 1dea is fundamental to the rest of the chapter.

In Section 7 it is shown how the fermula

a.c

° B 3 b-d

is an inescapable consequence of the properties of multiplica-
tion. The argument h¢s been simplified as much as possible

and an attempt has bec.) made to develop it in a series of
questions to which answers are supplied in the text. Some
students will be able to follow this development only in a ,
general way. The teacher should be satisfied if students
grasp the main points., The class must not get bogged down on
detalls, This will tend to destroy the desired effect--a ¢tom-
prehension of the extension of the number system to include
rational numbers and the need for definling the operations as
we do if. th2z commutative, assoclative, and distributive prop-
erties and tne properties of zero and one are.to be retained.

e

O

-1. An Invitation to Pretend.

Pupils in the scventh grade have had considerable exper-
ience in the manipulation of fractions, It 1s necessary to
help them understand that there 1s more te be learned about
rational numbers. The approach here 1s based upon a frank
recognition of the background the pupills have.' They are
asked to pretend”that they are studylng rational numbers for
the first time and to prepare feor a new approach to the topic.
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Answers to Exerclses b6-1

1 + 2 3 4 5 6 7 8

1 1 ne no no no no no no
2 2 |11 no | no| no| nof no| no
3 3 no 1 no no no no no
h b 2 no 1 no | no| no| no
5 5 no ho no 1 no no no
6 6 3 2 no | no 1 no| no
7 7 no | nec | nol| no ;B 1 no
8 8 i no | 2 no { no| no{ 1

2. 18 bars, 6 bars, . He could not have shared the bars
equally unless he broke two of them into smaller pieces.
18 + 4 has no solution in the set of whole numbers,

3. a. This problem s solved by dividing 16 by 2. .There
are 8 boys on each team. .

b. Again you may start by dividing 17 by 2. You
would not say that the answer is %; or 8% boys on
each team. (Thils answer would be rather unsatisfactory
espr:cially for one of the boys.) '

The problem has no answer since the counting num-
bers are nnt closed under”division. You do not need
to exterd tne number system to ansiver questions like

- this becauée boys have the property of always occ&r-'
ring 1n whole number quantities. )

Contrast this problem with Problem 2 where theD

chocolate bars could be'dividéd.

) 0-2. The Invention of the lational Numbers.

The néed for numbers other than the whole numberé is Am-
phasized in this section. This nzed arises when we wish our
numbers to serve not only for the purpose of counting but
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also for the purpose of measuring, This need i1s established
in the example in which a mother wants to divide 100 inches
of ribbon equally among her three daughters, She can fold the
ribbon and cut it into three pleces of equal length, but if
s8he 18 restricted to the whole numbers, then she has no num-
ber with whlch to descrite this length although its physical
existence 1is apparent. This dilemma is met by inventing a

new number which is the result cf dividing 100 by 3, Thus,
the extension of the number system is motivated.

" The teacher should realize‘that the numbers referred to
in this book as the rational n-mbers are really only the non-
negative rational numbers. Since nzgative numbers are not
mentioned in %hils book 1t was not considered wise to call our
numbers the non-negative rational numbers,

'The etudent may be interested to know that he has seen
once before an extension of the number system, 1.e., when
the set of whole numbers was obtained by the adjoining of the
number O to the set of counting numbers., He may further be
Interested in knowing that after three more extensions {which
he will see in later years) the number system will be complete
for all mathematical purposes. The hierarchy of extensions of
the number system is given b

Counting numbers

Whole numbers

Non-negative rational numbers
Rational numbers

Rewl numbers

Complex numbers

Three more times 1in his mathematica experience the student
will witness the invention of new numbers, namely:

(1) when the negative ».tional numbers are adjoined to
the non-negative rational numbers to obtain the rational num-
bers so as to make the number system cloused under tHe opera-
tion of subtraction.

(2) When the irrationa. numbers are adJjolned to the
rational numbers to obtain the set of real numbers so as to
make the numb- system clcsed nder the operation of taking

limits. 1uh

’.""3
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(3) When the imaginary numbers are adjoined to the set
of real numbers to obtain the set of complex numbers so as to
make the number system closed under the operation of taking
square roots.

In this section the non-negative rational numbers were
adjoined tc the whole numbers so as to make the number system
closed under division (except by O). Viewed not just as part
of the seventh grade course but as part of one's complete
mathematical experience, the presentation in this chapter
should help the student to appreciate and understand the
logical and systematic development of the hierarchy of number

systems.
Answers to Exercises 6-2
15 .
1. % means 15 divided by 2 or 15 + 2 ,
4 means 43 divided by 3 or L3 % 3 ,
._1[; means 17 divided by 17 or 17 + 17 .
%% means 22 divided by 14 or 29 + 14 ,
2. Both blanks can be answered: whole number o> counting
number,
4
3. 13+ 9, ¥, 9[I3
4y, 250 miles
5. 233% miles
6. 500 miles
7. a. 64 a4, 82 g. 91
b. 55 e, 01 h, 111
c. 54 £, 77 1. 77
8. a. About 156
b, 225

11,‘51?.'4
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6-3. Fractions and Rational Numbers.

- Fractions are names for rational numbers, Fractions are
rnot the numbers themselves. Fractions are the symbols that
we see written on the paper. Rational numbers are abstract
mathematical entities tha£ we cannot see. In a similar way
love and hate are abstract concepts. It 1s important in this
book to make a careful distinction between numbers and their
names. It ié‘gspecially important to distinguish between

rational numbers and fractions.
. Failure to distinguish between things and their names
sometimes causes confusion. Consider the two sentences:

Kennedy 1is the president of the United States.

Kennedy addressed the convgntion.

If in the second sentence we replace the word "Kennedy" by
the words "the Presldent of the United.States" we obtain:

The President of the United States addressed

the convention,

This sentence conveys the same meaning ac the seccnd sentence
above. No confusion arises.
Now consider th: Bentences:

John 1s a four-letter word.
John walked down the street.

If, in the second s=ntence, we replace:the word "John" by the

words, " a four-letter word"” we obtain:
A four-letter word walked down the street.

This, obviously, does not convey the same meanling as the
second sentence above. What causes this confu.ion? What
happens here that didn't happen in the first pair of sen-
tences? The answer 1s that in the sentence, )

John is a four letter word,
we were talking about the name of a man, while in the sentence,
John walked down the street,

we were talking about the man himself. In one case we were

) i
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.-talking about a living, breathing, walking human being; 1in
the other case we were talking about marks on a sheet of
paper. .

Mathemeticlians have a way of avoiding such. confusion.

When they are talking about the name 1tself they put it inside
quotiation marks. They write the first sentence in the above

__ _pairEs:-

’ "John" 18 a four-letter word.

" In this sentence we are talking about the actual pencil

" scratches that appear tztween the quotation marks. To a

certain extent this poliey is adopted in this book. We .say
that the numbers % and f are the same, but the fracticns
"<"  and "g" are not the same. To avoild excessive use of
quotation marks, we restrict our use of them to cases in
which confusion is likely to arise without them. Moreover,
we seldom use quotation marks when the fractions appear on
display lines cr when we specifically say that we are talking
about the fractions (or names) and not about the numbers
themselves. Students should not be required to learn how to
use quotation marks in this way, but if they 1nquire about
their use in the text, then the teacher may give as much

eXxplanatlon as seems appropriate, _

The word "express" is frequently used with the meaning
"give a name for." For example, 1f we were to say "divide ©
by 2", we would expect the answer 3, but if we were to say
‘"d4vide 6 by 2 and express the answer as a fraction,"
then we would expect the answer % or % or even %% , Dbut
not 3.

- To indicate the way 1n which fractions are used, the
following discussion will be telpful. There are some who may
adopt the point of view that 5 + 2 1s an indicated sum which

'

18 not yet performed and that
5+2=7

~ means that 7 18 the answer to the problem. In this book:
the attitude 1s taken that 5 + 2 1r a number and_that

5+2 =7

w7 . .

.
b Y “
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means that 5 + 2 and 7 are the same number, or in other
words "5 + 2" and "7" are different numerals for the same
number. If the question is asked, "what is the sum of 5 and
2-?", " then '

5+ 2
is a correct answer to the questictn. What is really desired
when such a question is ashed is that the answer should be
gxpressed in a certain form. The ordinary way of expressing
numbers in the decimal notation constltutes what mathematicians
call a "canonical" form. This means that every member of a
certain set (in this case, the whole numbers) can be expres:ed

in this form and in only one way. Thus,

y 2
542, %, 19-12, 7, 2% +3, 12,

are all names for the same whole number, but of thezse names,
"7" i3 the one -and only way of expressing this number in the
ordinary decimal notation. Therefore, "7" 1is the canonical
form for this number. Similarly, the fractions in simplest
form are canonical forms for the rational numbers. That is

823883843

are all names for the same number, but "%" 1s the one and
only way of expressing this number as a fraction in sihplest
form. Therefore, "%“ is the canonical form for this number.
This terminology is never introduced in the text but it will
be helpful to explain it here because this is the kind of
thing we are doing. T
Similarly, the equation
- 2.7 _ 1t
3

5 15
can be interpreted:
llg_ lll_u’_ll

3 15
are different names for the same number. Much of the work in
the text can then be considered as solving the problem of
finding namce of a certain type for numbers. 1In fact, prob-

lems are_sometimes'worded in the form: '"multiply % by % X

. le
5 and

and express the answer as a fraction.” To such a problem I=
is then a correct answer but % . % is not, because although

P e
1. 5
o
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ﬁ%" and "%" are both fractions, "% . %" 18 not a fraction.
A fraction, according to the definition in the text, is an
expression of the form

o
b

where a and b are whole numbers with b not equal to zero.

A subtle point 1s that "%—%—%" 13 a fraction and would get

by as an answer to the question p~red above.

It is probably not necessary ‘o put more stress on these
points than 1s done in the text, It 1is written here merely to
furnish ddditional background for tbe Lershir.

Perhaps 1t should be menticned Ye~" ihet sn~ther canonical
f~rm for the fraction % is 1% . The Jer- 1% is popularly
calleé, a "mixed number”. This 1is v=furt:iu:ie since if any-
thing is mixed, 1t 3is the numeral. T4¢ [ rm % is really
an indicated sum. It is a short cut iur I + 27, At this
time we shall prefer the form % -

It 1is suggested that Class Discussic: E . -“ses 6-3b be
used in class in preparation for Sectior 6-%.

Y,

Answers to Exercises 6-3a

l. a. Yes

b. O
c., Yes.
2. a. No

b. Yes, a ffaction name for this number is % .
3. No.
b, All of them. P

‘5. a., ¢., £., are expressed as fractions already.
(Fraction names for the others are: Db, %%, d. %,

e. %%g .)
6. a. %é

b. All of the numerals.
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7. a. 15-9 mi., 250 mi.

b. %— in., 30 in. :

60
. I3 cents, 5 cents,

8. a. Z%Q mi.

100
3

c. %% cents.

The questions cannot .be answered without fractlions
and those fractions above are in simplesL form, but
many pupils wlll give 2333, 333, 3{% as answers
which, while correct, are not 1n the form of a fraction.
A mixed number like 2333 1s actually an indicated
sum of a count;ng number and a -fractlon: 233 + % .
This distinction should be made for the student.

(Such forms are explained in Chapter 8.)

Ain,

m 7
9. a. 37, 1, &, L
5 111
b, 37, 1, O, % _'3—’7
2 1l 0 111 2
c. 37, 1, O, 5) 2'2") £y —3_', %‘, I‘g’)g
o 290 111 1 25 5 ,
* 33 3710 2
10 O
! e. 5’0

Answers to Exercises 6-3b

1. a. 30 ' c. 250 e. U480
b. 5 ) d. 3 - f. division
' 2. a. 30 c. 250 e. 180
b. 5 , d. 3 T f. 91
3. a. 5 c. 8 e. 91 g. 1
b. 5 d. 3 . £f. 77 h. ©
\ 4, division K .
) 150
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6.4, The Meaning of Division.

. This short section 1s crucial to Section 6-5 and to ali
the rest of th~ chapter. Though 1t i1s not put in these words,
the student 1s in effect asked to agree that

M 20

20 + or I

.-18 the solution of the equation

4 - x = 20.

What 1s sald 1s that 20 + 4 or, what is the same thing, %9

1s the number X for which
4 - x = 20.

The student has already used this fact often in checking divi-
slon, but he may ﬁever have thought of i1t in this way. Most
- of the problems in the preceding section have been designed
to anticipate this statemert.
' In the next. section thils same statement will be made in
. 8till another way. In that section it is stated that % has

the property that ¥
3'3:14.

In other words, the same type of statement as the above 1is
made without using a letter to represent a number. The
student must understand this statement when he sees it
expressed 1in either of these two ways.

The problems underscore the one idea of this section.

Note that the idea that 4 = x = 20 1s equivalent to
X = %g’ is used in later work in ratio and proportion. It
enables pupils to solve percent problems,

~

‘4 Answers to Exercises 6-4
1. a. 9 - % =8 e, 3 ex =9
b. 4 - % =7 £f. 6 * x =18
c. 3*x=6 g. 4+ x =10
d. 2 - x=5 h. 1+*x=7
é. c. 2 e. 3 f. 3 h. 7
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3.‘ a. % .7 e. 7. or %%
b. %g or 8 f. }%g
c. A%? g. 6 or %%
d. 57(-3- or 8‘\ h. %

k., a. 3x =12; x 1s the number of cookies each boy
recelves.
b. 10x = 160; x 1is the number of miles per gallon.
c. 30x = 20; x 1s the number of bags of cemert per foot,

5. a. True since 13 x 13 = 169
b. False since 16 x 17 = 272
c. True since 124 x 6 = Tili
d. True since 13 x 11 143
e. True since 151 x 101 = 15251

6-5. Rational Numbers in General.

The student 1s finally told what
a

b
means in general. Taken cold, this definition might‘be quite
formidable, but 1t 1s hoped that the student will take it in
his stride following the greét build-up that it has been
glven. '

The horrible example is put in for the purpose of belng
1npomprehensib1e. It 1s hoped that this will provide moti-
vation for learning the actual definition which follows. It
18 hoped if he 1is faced with the alternatives of understanding
this gobbledegook or of understanding what i1s meant when
letters are used to represent numbers then the student will
choose the latter. The teacher might point out that before
men developed suitable mathematical notation they had Lo~
express themselves vnry'much in the style of the horrible
example. This had;&he effect of slowing down progress in
mathematics. ;




_page 195-196: 6-5

The exact wording of the definition requlres some analy-
sis. The statement is

Definitior: If a and b are whole numbers with b
not equal to O, then
a

b

18 the number x for which b ¢ x =a ,

What this defirition does in effect 1s to postulate the
existence of a solution to the equation,

b+« x =3

for fvery choice of whole numbers a and b with b not
equal to O, 1t 18 evident that this requirement extends our
number system beyond what 1t was before because, tor example,
the equation
L - x = 3
. does not have a solution which is a whole number, Since we
say that this equation does have a solution, this solution
must be something other than a whole number.
A very important word in the definition 1s the word."the".
By saying, "the number x for which b « x = a", we require '
that there be only one number with this property. If we
wished to permit the possibllity that there could be more
than one such number we would have written, "% is. a number
x fo:whiech b * x = a", This point is not taken up in the
‘text ‘although the fact that there 1s only one such number 1is
strongly used in the later development. It is felt that the
s*udent will most likely not think of the possibility that.
there 1s more than one possible value of x. If the possi-
.bility were suggested in the text, it might cause serlous con-
fusion. The correctness of the development in the later
sections consequently rests on the use of the word "the" in
this definitlion. If the question does come up, the teacher
should anawer 1t, of course. Perhaps the teacher can 1llus-
trate by cbserving that when we say "a Justice of the Supreme
Court" we suggest that there may be more than one Justice, but
when we say “the Chief Justice of the Supreme Court" we mean
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~ page 196-197: 6-5

that there is only one Chlef Justilce.
The last paragraph of this section 1s devoted to putting
the defining property of 2 in the form:

% has the property that b - % =a .

- The exercises provide drill in the use of the definition.

Answers to Exercises 6-5

6 132
1. a. 3:-32=6 d. 12-—%—:132
o _ 172
b. 5 55—_50 e. 19 —1—319 = 1729
c. 78 _63 £, 35 - 2980 _ 1960
7 . 55
6 132
2. a 3' ﬁ;.—l%—
b, 22 e, 2XI29
5 19
c. & f 1960
T 35
3 a. X = % d. x = f%
_ 4 - 29
b X = 5 e. X = )
=2 L
c X = = f. X %ﬁ?
4 a. o —g-=_6_ d. 3.%=§
10
b, 12+ 5=1 e. 5+ =10
c. 9-3=5 £oo14 - 38 =13
I - LU
5 a. 5 s = 7 d. 5 5 14
.1l _
b. 8-¢=5 e. 9 F =1
e 2..3_—3 f H'%=9

L
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6. In Problems f - j, many answers are possible, but
encourage the puplls to give the one which follows from
the definltion of rational number.

&, 5 f. f%
‘ 1
b. 6 g Ts'
c. 9 ~ -. hc%
.k . . 2ho3
d. . L F35
T ! 6
Je r J+ 509253 ‘
7. Here, many answers*are possible, but insist on the
following:
6 1
2 i"5-=.6. €. :_L.g'ﬁ=.l ]
b. 10-3=2 f. 1-%2=0 '
e c. b6 % =3 R ge: 1+ % =5
\ . 2"‘ ‘ ol 14
A~ . = Z . = 7|)~l
a. 16- 2o he 62973 - BT - gy

8. This can be solved in & fairly systemstic way.
E times EXAM must equal MATH. E can't be 4 or
larger because E times EXAM would be at least a
5-digit number. Since E > 2, then E=3, 80 M=9
and H=7 (3 x9=27). A can't be 1,2, 4, 5, 6 %y
trial and error. But A = 8 does work. 9867 = 3x (3289)

6-6. Properties of Operations with Rational Numbers.

Now that the number system has been extended from the
counting numbers to the rational numbers and the system is
pretty well established, the time is ripe for extending the
arithmetic operations so as to operate on the rational num-
bers. The student must be told that when these operations are

. 8o extended, this extenslion must be made in such a &ay as to
pregerve the commutative, associative and distributive
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L]
propéﬂtier, the identity properties of 0 and 1 and the mul-
tiplicatior. property of 0; (0 - a,é/é‘- 0 = 0). Many expert
teaéhers feel that the students will not accept with any con-
viction the bald statement that the preser-ation of these prop-

' erties is desirable. The need for the preservation of these
properties is consequently motivated by an analogy. It 1s hopec
tha* the student will agree that if a concept is exiended to

have a wider meaning than it originally had, then the extension
should be made in such a way as to preserve the properties per-
taining to 'this concept. ’

The remaining sections of this chapter are devoted to
showing how the rules of operation for fractlons are conse-
quences of tﬁese properties and the definition of the ratlonal’
nuﬁbers, i1.e., the relation _ '

b - % = a, }

lThe exerclses in thlis section pro&ide further drlll in

the use of the definition in 6-5.

Answers to Exercises 6-6

1. There are gany possible aﬁswers.

a. (% +2) + % = % + (% + %)

22 . Iy_2. 2.1
b. 2Z+H =5 g+5-4
2, ,_2
c. 3°1=3
2 2
d.g'ﬁ-=%'3

2. {a) and (b) have many possible answers.
y 2 1
(c) u; (d) s 7§, etec. (e) 1.5, 15, 2[3 , etec.

5. All are rational numbers.

, _ 1k L1s
b a, X—E , d. 15 15—_1_4.
i )
b. 15 - I = 1 e. 15 7z =1 .
1 '
c. 15 Tg = 14

[
™
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50 2. X=% h. X=%
b 3+ 2=60 w 1o 9 5=7
c. bt g=5 Joom-1-18
q’.7-$-=_6_ k. 6-F=1
1 ]
1
[SI _8-'§=5 l. 5.3—1
=2 = X
f. x 3 m. X 5
g A-f=1 n. 17 - 2 =0
6. a. 2 f.o 7
b. 4 g. ©
c. 5 h. 1
d. 5 i. 8
e. T Jo 3
6-7. Multiplication of Rational Numbers.
The student is reminded that iultipl. = 2, 1s to be

extended to rational numbers and that 1t m ¢ be defined in
a way that preéerves the commutative .nd assoclative proper-
ties of multiplication and the properties of 1 and 0. The
only acddltional information available is that b - % = a and
that a and b are whole numbers (b # 0) so that multi-
plication of a and b 1s familiar. .
. Multiplication of the rational numbers % and % is
defined as % . % = %—f—% in a series of steps in which the
pupil is asked to answer questions and then compare his
responses wWith the correct gnes supplied on the same pagé.
He 1is asked to cover the printed response until after he has
produced his own. . . |

The steps are written in a modified "program" form to
guide the pupil. It 1s recommended that each question be dis-
cussed in class as 1t appears to need clarification. '
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6.

We do not know that the product of and %

exists or that % > % has meaning. It 1is our hope

that % . % does have meaning and that we can find

LI

a way to express 1t as a fraction.

Here we assume that % . % is a number and orge
ahead. We know that 3 - % =2 and that 5 % =7
an’ we a21so know the properties of multiplication
which we wish to retain as we extend multiplication

to rational numbers.

This seems to be a difficult idea although we have
worked zealously to prepaire for it. The fact 1s

that a number has many possible numerals. Two
specific numerals for one number in our discussion
are "3 - %" and "2". Also two numerals for the
other number are "5 . %" and "7".

We form the product of the two numbers. This product
can be named 1n two ways employing the'pairs of names
we have been talking about.

One way to name the product: (3. %)-(5 -%)
Another way to .name the product: 2 . 7
In both cases the product is the same number:

2y, Ly =22,
It seems reasonable at this stage to use "14" for

"2 « 7" although "2 « 7" can be carried through
the -argument Jjust as well.

We require the assoclative and commutative properties
of muitiplication to continue to be properties of
multiplication as we extend the operation to rational
numbers, The factors on the left are reordered and
regroupcd by meras of the commutative and associative
properties of multiplication. This 18 the key step

in the demcnstration. It 1is here ‘that the properties
of multiplicatibn are used 1n establishing the result,
thus achieving the purpose of the section and, in fact,

158
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s

-

the purpose of the chapter. The student realizes
that factors in a product can be reordered and re-
grouped by use of the associative and commutative
properties (this was gone inftu in some detall in
Chapter 3). He will rrobably accept this step with-
out reservation. Actually this Step hasks some .
dirficulties. Here 1s the shortest way of sho 1ng‘
thav

2y . 2
G-2:65-D=-06-5E-D

using one property at a time.

. %)4(5 . %) = [(3 - —) . % associative
; =[5 +(3 - %)]- % commutative
= [(5 - 3)- %]- % associative
= [(3 - 5) %]- % comﬁﬁtative )
-(z-5-5-0 asscéizbive

Most students would be confused if these deta.ls

were brought in. “~
9. We use "15" for "3 - 5". See Step 7 above.

10. Ve examine 15 - (% . %) = 14. TIf this were
15 « X = 1% we should recognize immediately that

_ b (2,
x = e But- x 1s (3 5)
Therefaore 2.1 1 - and we have found
2 5 15 . N

a fraction to name the product.

A pupil may point out that the numbers, % and Z have
many names and he may ask how we can be sure that the result
of using different names will be a name for tre number %3 .
You might use another fraction for %, such as 33 and show

22 , 7 _ 154 _"1h4 - 11 _ b
that 22+ L= 325 = 35— T = - The trouble is that
simplification of fractions, or ‘'equivalent fractions', is

 dealt with in Section 6-8.

»r
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The polnt to be made is that this is the only possible
definition for tne product of {wo rational numbers, which 1is
consistent with the properties‘of multiplication.

' The significance of the word "the" tn the defi:i: .on of
rational numbers in Section 6-5 becomes apparent. Steps 10
and 11 ase the definition that in .b « x = a, x 1is the num-

a - 27
ber e o is shown that n is the number and

also 1is (% . %). Therefore, %—%7% and %- % 3mu52/557¥he

mmenmmmn \ . <
Not only does this result show us the procedure to follow

with the symbols (fractions) when we muftiply the numbers, buf _

it tells us that the product of two rational numbers is also

a rational number. The product has a fraction name which
establishes that the product i1s a rational number. The set
of rational numbers is closed under multiplicédtion,

Nothing 18 gained by restricting the words numerator and
denominator to mean the numerals which form a fraction. Hence
the students are told to use these words to mean numbers or .

numerals, whichever is convenient.

Answers to Exercises 6-7b

10 1 0
1. Qe 63- e. 3—6 i. 72—1-
2 . 27 1288
b. 5 f. 32 J. m
. LY
0 1o ., 1288
- Ig & 715 © 1150
30 5 © . xez
d. 35 h. 2 1.
12 28 !
2. a. iz d. 38
30 6
b. 50 . 7
5 a-b a-b
C. 5 £ b.a °F as*b ~
[y ~
3. a. %5 C, %L '
6 ‘[ 8 R .
b. 51 ‘d. 7
,e .
*d
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RS

4, a. ; N ) “d. % -
b. % : e. %
'c_' ’% ( “_‘f: %; 5 ;o
5.3 ° \l, ~
" i !
6. 15 L
7. %—5( _t :;,, NERY
@ B ~

Answers t ty Exerc1séé 6-Tc -

L4

i. Commutative property of multiplication. \’

2. First write the Whole number as a. fraction with dengmin-
_ ator 1, and then write the product as a fraction where’
T its numdratqr 1s.the prqduct ‘of the numerators and, its
denominator is the product of . the dononinatbrs.

: bl g - _ .e.'.%g . %‘ ‘
i ‘c.ﬁ,g% e Cf. '%? I L. ,f%; Lo
4? a. .7 ° % '. ' e 3 . % ‘ e, 3 .’% oo
b._ae'--%- a. -3 S 6.%
5. 2

; . t
f 6-8. uquivalent Fractions.

,The word ”simplify" has been, used in conformity with the
definition of "simplest form". The word cancel" has been
avolded begause 1t 1s associated with a mechanical deletion
of similar factors.

. -".‘l‘-‘. . . 161
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The rule

a_a-+k
b bk

is established by introducing a coacrete example. The result
is shown to follow from the identity »roperty of 1 and the
product of rational numbers. The student is given a logical
basis for simplifying fractions and writing equivalent frac-
¢ions, |

Common denomir .tors and least common denominators are
also discussed in vhis section to provide drill in writing
equivalent fractions and to prepare for the extensive use of
these notions in the addition and subtraction of fractions
and in Chapter 8.
' The teacher will note that the mechanics involve a three-
step procedure with each step supported by a logical reason.

Answers to Exercises 6-8a

2., a=%4, b=3, k=26

3.- Because thé numerator and denominator have no common

factor larger.than 1. ‘ -

b, a, %, %, %, etc. f. g, %%, %%%, etc.
b. fL, f%, %%, étc. g. %,!§gy %, etc.
C. %, %, %9%, etc. h. g’,%%’ ;%, etc.
a. 2, 5, g, ete. Iy £ 2 3, ete.
e. '%, %%, T%T’ ete’, J.' é%, %, %, ete.

5.\ a. 2+3+5 or 30 > b, f% = é%, f% = %%
b. % = %i ) e. % = f%.

-
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T.  a. %g,% a- %,_12'1‘*_1
o b ek
Answers’' to Exercises 6-8b
1o oa. Z=212=2 . e R2-2:20_2
oh 4.6 b 432 24 .18 24
 BTTeTT ke =5 18-T |
£, 22 = 21l _ 2 ;. 111111 _ 10101 - 11 _ 10101
* 121 T I1-11 11 * TIIIT 101 - 11 101 -
2. a % d. %g.
b. —135 o %g_
C. -]%- S -1%-
3. a. %, £ . ;_55,_%_ ’
o B o Bd
8 e

. 163 17D
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?b\
NOj— U+ P
"
g*q Eﬂg\u&d oy
S
A3 Ghn ol M- o

/ de " o.
/
5. Each son received %S acres. The “otal number of acres
\ the sons receive is &‘%g Q? .

v . : iz
. 6. |35 cents one ounce costs %% cents

! < 7 ounces cost 7 -%% cents or %ﬁ? cents
\ or 3 cents .

-3

/
7. $216.25 Pay for 1 hour 1s 3£ dollars.
< Pay for 50 hours is 50- %&? dollars or
: §g§ dollars or 216% dollars.
§ :

8. .There are four answers,. %%, %%, %g, %% .

e

6-9. Recilprocals.

- .Students come to the seventh year with the ability to
"perform the process of division with rational numbers, They
- know the rule that division 1s performed by multipljing the
dividend by the reciprocal of the divisor. The introduction
of the reciprocal at this point enables the teacher to show-
that the procedure already known 1is consistent with the treet.-

- ‘ment of ‘rational numbers in this chapter.

Answers Eg Exercises 6-9

'%% by commutative pfoperty of multiplication,

-:;.% means a+<b <+ a+b which 1s 1.
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2. fnterchange the numerator and denominator of the fraction.

3. a. -gr e. T6— 1f/ '1% . m. —i—
b, 2 £. % J. 2 n. %E |
C. g 8. % . k. % O %% }
d. % " h, % 1. g p. %%g%

4, Since zero times any rational number is zero, there 1s
no number whose product with zero will be one,

6-10. Division of Rational Numbers.

The -pupll 1% reminded that in the case of division of
whole numbers, we had a problem. We could not always divide
"a whole number by another whole number (always exclud¥hg gero
as a divisor). To solve this problem we had to tuzz/:ﬁ\ééshv )
system of rational numbers. Now we are operating with rati¥{n-
al numbers. We have defined muvltiplication of ratioﬁal num-
bers (8-5=2835 1v#0,d#0) and the definition of
division is our next step. B
. We may wonder whether rational numbers are closed under
dg;ision or if an extenslon of the humber system is necessary
‘again. What do we intend to mearn’ by such an expressigg as

2. E‘? i
; > T
\~We can rephrase the question and ask,

"For what rumber n 1is % ¥ % =n 2"

£

If there ;§ such a number, n, we should like to know
‘what 1t is. We choose t» investigate by requiring the prop-
erties listed on page 200 1in the Student's Text. We recall

that
- X

'I';‘-—h

+ b=x 1s equivalent to, or means a

b
2 5.
and 1s equivalent to, or means 3 % n .

Wi P

AN
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Thus the question that we seek to answer 1s restated in
terms of multiplication which we have defined for all rational
numbers. We now have the question,

"What 1s the number n for which % = ; e n 2"

To prepare the. pupil for a later step, the text reminds
him that the product gf ? and its reciprocal % 1s 1.
'_Then follows the critical step.
. In order to help the pupil see how

£5-1- G-
follows from
2 =
; 3%
it 1is necesv ry to make two observations, The first of these
observations involves what we mean when we say that two num-
bers are equal. When we write, o

6 - v —
for exampi2, We mean that ©6 and VI' are the same number.
ThEt 1s to say that the symbols "6" and "VI" are different

names for the same number. . . o
The second observatlon concerns the operations of multi-

plication, addition, etc. These operations are operations on
numbers and not on symbols; The expressions,

' "2 - 6[! and HII . VI"

{or example, are two different ways of expressiﬁg the product

of the same palr of numbers. The products ‘depend only on the

numbers which are multiplied, not on the way wé chcose to name
' them. Two people, asked to write an expression for the

prcduct of two,and six might offer the Jriqpen expfessions,

"2 - 6" and "II - VI", but both are producing products

of the same pair of numbers. The numbers ramed by "2 . 6"

and "II « VI" ‘are the same.

" This means that

n

[e))

il
o
H
=

X 2_.5. §
Similarly, if .3 =7 n SO
366 ..

- .
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!
!

then "%" and "; - n" are names for the same number and
2
n% . 3n and 11:5[ . (:?_ . n)u

afe two wayse of expressing the product of the same pair of
numbers, The first factors in the separate expressions are
obviously the same. The second factor is designated in one
case by "%" and in the other by "% - n". The second
factors are the same. Then

£:5-5-G-n |

When this principle is understood, there is no need for
such rules as '"When equals are multiplied by equals, the
products are equal® or "When equals are added to equals,
the sums are equal."

After we complete this step .the rest seems easy. We
~ wWrite %% for % . % by means of our definition ot multi-
~plicaftion of rational numbers and we require the assoclative
property of multiplication. We then have (% . %)- n which
~ becomes 1 - n by the property of reciprocals. In the next

step we require the identity property of 1 to permlt us to

move from 1 * n to n.
This establishes that n = %—“5- and finally that
1x

=

377 715
which we write as

2.1
35

and thus we can define division by a rational number as

multiplication by its reciprocal.

'g.'.
3

N
|
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/

The steps are:

2_2. 2.5 _
3. = T n From 3 T 7 =n
:Sl' % = % (; * n) Multiplication of the same
number by %
%% =L.(2+n) Product of rational numbers
- ?lL—l—;' = (% . 2) en Associative property

= 1l+n ' Property of reciprocals

Identity property of 1

RPN ¢ e
F
o]

~(%-z- en First statemeht
- 2 _ 14 - 14
57 =15 nois 15
' 2, 2.7 ~dp
Sr2=5%5-% Product/ﬁi rational numbers

- This definition of division of ratioﬁ;l numbers is the
only definition possible consistent with the properties which.

> We require. One more step remains. We have established the
 followlng: .
If there 1s a number n.  for which % = ; * n,

. then this number n 1is %% . '

We can say that 1f anything will work, then %% will,
It may be that nothing will wnrk. Perhaps there is no ration-

| /. al number which is a solution to the equation. We must make

/ sure that == satlsfies the ecCuat.ion:
B 15 /"'\ N
2_5.
- ) 3 7 N
1k, S.pn-2. _5,7-2_5 (7.2
Netry 580 7' P=7'5°7'53°7(6°3
_(5.1y.2_.,.2_2
=F-5)5=1-5=5.
| 5 1i 2 ~ *
gnd finq vsat 15 is 3 - The‘ﬁrgument 18 completé.
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10,
11,
12,
15.
14,

15,

——
= o
= L —4

o\
o

e Gl s B B NS 5 g o
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b

wli—= Bl
(@]
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6-10

Answers to Exercises 6-10a

(b) (

o
~—

o g
-

ofr Glo Slo ok =G G
IS Mo 8l ofy Slo

N
[

=

R Y BRIV ST el FWH

HS &g Y 8 Sle o 4l

Answers to Exercises 6-10b

1 .
C, Tl_'T— e.
5

d.

Sla

S~
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3. Set of reciprocals is (1, %, 3 %, %, %, %,}

1 b 1 5
4. a., % 2 . 2
e f3 ¢~ 2 106 S 3
5 - p)
, b, 7 d. z £ 158
4 16 10
—_ L == =
5. g 10 1 14, iS5 18. 3
: Ly p 18
6. 7 11. 15 15, 5T 19. 35
2 ; 9
7. 1 12, 5 16, ¢ 20. 2
1 22 3 24
8. 5 13. = 17. 5 21l. 72—5-
9. O
Answers to Exercige: Q¢
1 :
1., a. T ad. 5
™~ 12 . 2
b € 13
c. 5? t. %
[ I
W 2
2. a. 3 Lo - % Divlision 1s not commutative.
3. 2. é b. 7 Divisdion 1s not assoclative,
L, 14
5. )
Go e
i

0-11, Addltion of Ratiornal Numbers.

Irn this section, puplls lezrn that the famiilar rules
for addition of rational numbers are consequences ol the
distributive property. When the addends are expressed as
fractions having ths same denomir-. -, the distrloutive rrop
arty and the produst ol rational nw.oers avre the only tools

¢

used. When denominatonrs are different it 1s ne
170
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invoke equivalent fractions to obtain a common denominator.

The addition of rational numbers expressed as mixed
numbers follows the gpkneral theory developed In this section.
It 48 treated in detall\in Chapter 8.

.

Answers to Exerclses p-1lla

1. The sum can be expressed as a fraction with the samd
denominator and the numerator will be the sum ot %he

numerators of the two fractions.

2. R—L—g C“)
s )
3 a L o 4 )
. -3 - F
b, ke £,
// 10 o/
2 = ) 21
C. '—g‘ \ 7 '3—
d .[. 3} c.‘.
~—"" g G
4 2 or < e < or %
. a. 5 Q T 7 3
8 “ . s 3
b. 10 cr B N T
(o] _@__ or .g:._. - L oY .]_"
* 100 25 2 T 1
d. 1—-9 or = i == ar <
1-J l { l
5. a. 30 . R
b. 18 R
9] -
. ol ~ .
4., 0 e 20
bz e Lo el
°. b. g IW eI T S A
Y - 25 L .22
- ] h 1002 1 plokd 2
oo ]
dr ;‘%‘1 LT'

e

N

yt
b
(G

ERIC
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Answers to Exercises o-11b

1. a. —g-% e. 1. 2
b. % r. 2 - §
C. 2- . i% k. %—é
d. 32 h o 3 1. %

ro
o3
o
o
L)
oY
i
j

b, &_@a-+4d g, 3:d  b.c _a-.d+b.c
*'b b+ d v é b«d b.ad
7 1 1
i s
3. a1 £ 3 k.
29 5 !
b. 35 g. % 1. z
22 2 16
C. ﬁ h. 3‘ m. 75
S 2L
d. 35 1. ‘125 ne 73
= 17 8
e, ? J- i C. 9
I a. % C. %
15 A
27 <
D -54 1b or = 1b.
a. %?;mi.
- L
12
v
' 12
. a. #
. 1
. ¢
1
e ?'—(5

10, 1In this maglce square, the sum ! cach column, cach row,

and each diagonal 1is —Ed .
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6-12, Subtraction of Rational Numieis.

Just as division 13 the inverse operation of multiplica-
tion, subtractlon is the inverse operation of addition. Sub-
tractlon 1s approached through the fact that

a-»>
18 the number x for which
b +x=a.

A discussion of thls fact precedec the derivation of
the subtractlon procedure.

Answers to Exercises 6-12a

1. a. % d. g g. O
b. %g e. % L. %
Ce. % f. 1 1. %g
2. a. 131- a. % g %
b. %? e. f% or % h. % or %
C. % £, %% or % 1. é%

3, a. Find a common denominator (or a common multiple of
the denominators) for the fractions.

b. Any common multiple of the denominators.
The least common multiple <. the denominators.

7 5 K 24
Ca :g—% 2:—.

5= %0

S o
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N Oy
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Answers to Exercises 6-12b *

5

i

1
11. 35

QJ Ha' N e
lr.ﬁib 7021L
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Answers to Exercises 6-14

Chapter Review,

'6-14 .
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page 232-233: 6-14,6-15

. l N . R 1

53 1n. 10, #cup o
% , 1. g

3% mi. : 12, 114

' 9
%? qts. or 31%"qts,
Multipliéétion property of one.
30
They are called r.:. procals of each other.

-

Equivalent fractions will have the same simplest form.
(1.e., numerator and denominator have no common factor

_except 1.) So simplify each fraction,

3 is 2.

1
2 b T .
£ P 3
2‘ '

6-15, Cumulative Review.

4

-~

ny

Answers to Exercises 0-15

8
a. 2—.7
z 2
b. either é; or (5
: 2 5
a. 53 = 125 37 = 243
b. 32 1is greater than ©° by 118,
{0,10,20,30,0C,...1. This set Lo closed under addition,

a. 7
D. o owhole nuamber.,

c. O, 1, 2, 3, 4, =, o5r

BN



_ page 233: 6-15

5. True, Call the .point of i1ntersection C,- Choose a
pcint A on one line and a poinf '
B on the other, A, B, and C UIe.
in the same plane since any three 8 —>
points not on the same line are in ' '
@nly one plane, \All the pointa of
and all the points of BE 1le in t-1s same plane.
(If a 1ine contains two different points of a plar-. it

lies in the planen)

6.K\a. peint E b, point F c. The cpty set,.

7. two (i.e., 2, 5) jl
8. a, It 1s divisible by 3 sihce 1 +0+ 1+ 0+ 1 1is

divistble by 3. c— : : \\B
b. No, singe 1 + 0+ 1 + @+ 1 1s not divisible by ©.
A~
9. 20 i
>4

-




Sample Test Questions for Chapter ©

Teachers $hould construct their own tests, using care-
fully selected )items from those given here and from their own.
Thefe_are tod many qQuestions here for one test. Careful
attentlion should be given to difficulty of items and time
required to complete the test, '

I. True-False Questions

(T) 1. The product % . % 1s equal to % )

(F) 2. Whole numbers are not rational numbers.
12
F) 3. 2+L=1%
(T) 4. In adding rational numbers, if the denominators of

the fractions are equal we add the numerators,

(T) 5. The following numbers are all examples of rational

\

numbers: \

8
E‘y 5, ‘3‘ and l%— .
(T) 6. =Zero is the identity element for addition of

rational numbers.

(T) 7. . fractlons g and 2 represent the same

ro- onal nunber i1f neither a nor b 1s zero.

o

(F) 8. Ir a and b are rational numbers, % is always

a rational number. (Note: O 1s a rational number;
except for b = 0, the statement is true.)

(T) 9. A rational number multiplied by i1fs reciprocal
equals 1. (Note: If it is zero, 1t has no

reclprocal.) -

(T) 10, The symbol %} stands for a r mber which is L . a

whole number and a rational number.
(F) 11. T:. sum of two rationzl numbers whose fractions have
2gual numerator. may be. found by adding thelr

¢

denominators.

(T) 12. The product ol ..ro and any ratlonal r.umber 1s zero.




(F)

(T)
(F)

(F)

i ™
..

132. If one fractiol has a larger numerator than a
second fraction, the number reprasented by the
first fraction is alwavs larger than ths number
represented by the second fraction.

14, Even if a = 0, % is a rational number,

15. If two fractions have the same de: illator, the
numbers they represent are always equal.

T~ . 12 1

5. The reciprocal of e is 15 )
13

17. The least common multiple of the denominators of %
and -% is 12, .

18. In the'division problemn, % divided by %, we are

i looking ror a number whicn when multiplied by %
gives % R

1la In the division problem, % divided by %, we are
seeklng a number which when multiplied by /% glves
1 .

3" L
20. The reciprocal of the reciprocal of 3 1is % ..
21, Even if b equals O, % is a rational number.
- S a_b a £b

2z The sum: C-+ 2 is equal to 53 .

Multiple Choice

23. The sum: g + % is equal to which of the'fcllgw—

ing for all counting numbers r, s, t and u:

a. r + t 4. st + ru
5+ u su
r + .
b. t e, MNone of these
su
rs tu

[AB]
!
.

o)

v
S
{

G

i
l s



24, 'Which of the following pairs of numbers are both divi-
sible by the same number greater than one?

‘a. T, 3. d. 5, 23.

b. 8, 9 e. None of these.

c. 7, 28 24, ¢,
25. The product: X% - % 15 equal to whlch of the

following if x, t, z and k are countlng numrers.

a, X plus z plus t plus k .

xk .

b, = d. (xt)(zk)
c Xt e None éf these

* zk * .

25. CO
26, 1If g =L and a=6 and b =12, then

a. x =2y d. 1lex = 12y
b, ¥y =2X e. None of these,
c., bx =1y 26, b.

27. If .a and b are whole numbers (b # 0) then % is
the number X for which

d,. b+ X =a2a

o
»
o

i

e. None of these.

o o
o P
%X o
non
[ I
n
-\]
o

III. General Questions

Perform the indicated operations.

2 10 _ 4

. . FHiE - 3
1,2 11

29. 34——5'-— ls

. i ;L-z _
30. g+ 3 2

2 . _ 0
2 A 59

.80 ,




32.

33.

34,

35.

36,

37.
38,

39.

.
4,

4o,

43.

By,

45.

e
ot I
i |

- Angwers
X=0 . (% + % + %) x=0
x =7% + (% + %) ‘= %%
X .= 23—%—25 x =8
x = product of -1% and —%—8— 3,;]= j_Lo
x=(3-”)‘(5%3) 7'7‘x=1
X = %% + %% l = f?
X = % - % | Cx = f%

When Mr. Henry looked at the gauge on he dashboard of
his car he saw that the gas tank.was % full., The
next time he ‘coked the tank was %‘ full, What part
.f a full tank of gas did Mr. Henry use? Ans. g

In a high school graduating class 2 of the graduates
plan to go to college, Of these, % are boys. What
part of the girls in the graduatihg class are planning
to go .to college? B Ans.

Of the total number of ' its made by a major league
b:seball team, f% ware doubles, é% were triples,

and = were home runs.

15
a. What part of the total hits were for extra bases?

b. ? What part of the total hits were singles?

2. . L
Ans., a. =5 b. 15

At a party, pie was served with each pie cut inte 6
equal pleces. Mary asked for % af a portion. What.

part of a pile did Mary ask for? 1

Ans. 15
181
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"

,7 ' .
A steak welghs o! of a pound, If % of the steak
consls“s of bone ana fat, what part of the steak can

be eaten and how much does 1t weigh?

Ans, of the steak, whizh welghs

RH G

1b,
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fapplying the 1dea of “intersevtlon of Sets In working wiinh s

Chap-er 7

NON-METRIC GZOMETRY II

iy

. This chapter 1z a continuation of the work on non-metric
geometry. The general discussion In the introduction to

Chapter 4 appiles in this chapter. ~

7-1. Segments.

Trese ‘:=2a - are developed 1n this chapter:
(ay If A, B, and C are three golints on a 1li.-
" Intuition tells us which relint 1s between the
other tw»o,
(b) A segment.is determined by any two points and
1s on the line containing - ose points. ‘
(c) The two points which determine a segmert are
callec endpoints of the S“”T\ht.
(d), A segment 1s a set of polints wihlch con31sﬁs cf its
endpoints nd all points between them.
(e)- If every member of a.certaln set 1s also a rember

A,
of a second set, ti.e Tilret set 1s czlled o sutset

) of the seqonc
_(f) The union of two sets COnSith of all the =lements

¢ the two sets.
Bring out the idea that when we draw a skew.ch Qr a
1

picture of a line, we draw a p

-and that this 1s properly, 2 iinp seg ‘ment However, we

often represent a 1ine by a part >f a line (since we carnox

(
de anything else}. One srould te c.reful +o say “hat <2
qketch represents a line or segmer'. as is arpregrlsate,
Draw a representation of a line c¢cn tre chalkbtcard and
name two points of the line, A and RB. HNote that A4Z
B and all poin?s retween 1br ., Na

™ A 2
C3

nean A and B anc

othe points on the line and varilous .segments.
" Review the idea of intersectlion Of “wo setia.\ Zxeralses

7-la ,will provide anple experlences for - : students in

p—r

sture of one pars of e line,

0

m



page 236-237: T-1

Answers to Exercises 7-la

1. a. AB and DE. For AB the endpoints are A and B.
For DE the endpoints are D and E. The student
might take TC and CB or AC and TCE.
i& _ . b. BE, BD, BC, or BA. For BE, endpoints are B
and E, For BU, endpoints are B and C. For
BX endpoints are B ‘and A. For BD endpoints
are B and D.
c. fﬁ? is a line, unlimited in extent in both directions.
AD 1is a segment, or portion of the line.
d., Point C
e, The empty set

2. a. 7%, ZV.- 7Y, 7ZW. -
b. Point ¥ .
c. Poini ¥ : \\\\

d. The empty set

e. XY ) | - -
3. a. Any three of the following:TK, TD, T, KD, KF, DF, TF.
b. EM : :
¢c. An unlimited number. Points K and D,
d. The empty set
e. ARB, AT, AE, AR, &, BC, BE, BR, BL, etc.
4, a. NO; _____ )L Y _____
b. Yes, since the line Y?’ extends beyend Y.
5. A V\
\
B
c \ D
[ —
6. 4 N L L "‘
T T 1 T
P Q R S

184
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7. a. Yes, because A and B are cn the same side of / .
~ b. No, because A ana C are on opposite sides of L.

The idea of subsets is‘yery useful. In order to get
practice with this concept, ﬁupils might nane a set of objects
in the classroom and one of 1lts subsets. For instance, the

"desks in one row are a subset of the set of all desks; the
chalkboafds on one side of the room are a subset of the set
of all chalkboards. Then the pupils might name subsets of
all tfiangles or of the set of all quadrilaterals.

Develop the idea of union of two sets using the 1llustrations
in the text. The idea of union is useful in dealing with ségments
and triangles. wmxercises 7-1b will provide a variety of

applications.

Answers to Exercises 7-1b

1. a. Yes b. Yes c. B®B, &C, EC, BD, TD.
AD 1is also a subset of AD because every set is
a subset of itselfl,
2. a. Yes b. 65: 53,
3. a. {a, b, e, d, e, 1, o, u}; {a, e}
b. (1, 3, &, 5, 7, 9, 11, 16}; (1, 9}
.c. The set of whole numbers 1 through 12; (3, 4, 5, ...10]
\ The set of men on the football team; the empty set.

—
DE

4, R . .
A B C
a, Point B d. AC
b. BC i
. IT . BB
5. No. - - - -
P A B Q

PB, FQ, AQ, also contain A and B.

6. a. TR ¢. @ g. TR
b. Q5 . P8
. PS8 . Ps
185
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7. Yes, No, Since M and C are on opposite sides ofl? s
the 1line Joining M and C must intersect .

10.

Every element in the intersection of A and B
is a member of both A and B and hence is a
member of A,

The union of A and B consists of every
element in either A or B. Hence every element
of A is in AU B.

Let x be any member of A. Since A 1is contained
in B, X 1s an element of B. ‘ , )
But B 1is contained in C. Therefore . X 1s a member *
of C. :

Since any member of A 1is a memoer of C, then A

is contained in C.

These answérs will vary. An example of sets of

numbers 1is:

(For 8a) Iet A= {1, 2, 3, 4, 5, &}

(For 8b) Let A

a.

-~

Iet B = [2, 4, 7J
AUB =(1, 2, 3, 4, 5, 6, T}
AnB ={2; u’J

AN B 1is contained in A,
A 1is contained in AU 'B. .

{30, 60}
Iet B {10, =20, 30, 40, 50, 60)
let ¢ = {0, 1o, 20, 30, 40, 50, 60, 70}
A 1s contained in B
B 1s contained in C
A is contained in C.
B 1s a subset of A,
C 1s a subset of A.
BNC 1is A

186
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7-2. Separations.

These 1deas are‘developed 1in this section:
(a) A plane separates space into two half-spaces,
(b) A line of a plane separates a plane into two
half-planes. .
(¢) A point separates a line into two half-lines.
- (d) A ray is the union of a half-line and the point
[ which determines the half-line.

Use cardboard models to develop understanding of these
1deas. This section glves an unusually good opportunity to
emphasize relations among point, line, plane, and space., You
can expect seventh grade students particularly to enjoy this
section. It gives a certaln structure to geometry on an

.intuitive basis,

Draw a'nﬁmber of lines on the chalkboard. Mark points
on them and discuss half-lines, rays and endpoints. Discuss
the intersection of two rays, two half-lines, and ray and
half-line. If students inquire about whether a half-line
has an endpoint the following explanatlon may be given. If
a line is separated by a roint then each half-line including
the point of sepération is a2 ray. If the point of separation
is removed then we have two half-lines. We say that éach of
these half-lines has an endpoint, the endpoint of the corres-
ponding ray. However, in the case of the half-line the
endpoint 1is not a member of the set of points constituting the
half-line. We speak of the graduates of a school even though
the graduétes are not physically present 1n the school.

.Also, identify representations of half-spaces; produced
by room-divider, walls in building; of half-planes, by line
on paper, lines on wall, etc.; and of half-line by naming
a partidﬁlar point along the edge of a ruler,

187
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Answers to Exercises 7-2a

. 1. a. A plane separates space ihto two half-spaces,
" b. A point separates a line into half-lines.
c. A plane separates space into two half-spaces.
d. A line of a plane separates the plane into two
B -~ half-planes.
*e. A plane separates space into two half-spaces.
f. A point separates a line into two half-lines,
Should a student say that the 8-inch mark 1s a line,
accept the interpretation that a line of a plane
divides the plane into two half-planes,
g. A line of a plane divides the pléne into two
half-planes.

2. a. True d. True

b. False e. False
. True f. False
3. a. Yes. A line of a plane separates the plane into two
half-planes. ‘
b. No. Since PR 1is a segment it is limited in length.
It cannot separate the plane.

4, Yes. If lines k‘ and m are extended without limit 4in
both directions every point on m will be on the P-
side or k. T

5. Yes, '

*6, a. Yes, by choosing the two half-lines on the same line
so that they overlap, bub not by chonssing two half-
lines having the same endpoint since half-lines do not
contaln thelr endpoints.

b. Yes, by choosing two overlapping half-planes
lying in the same plane with their edges parallel,
but not by choosing two half-plahes with a common
edge since half-planes do not cdntain thelr edges.,

*7. No. Yes.

188
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" Answers to Exercises 7-2b

. e
The line RS. It can be extended without 1limit in both

l. a.
directions, Line R should be thought of as a set
of points. >
b. The segment RS. This 1s the set of points on line RS
between points R and S and including the endpoints
R and SL,
¢. The ray RS. The ray has the endpoint R and can
be extended without limit in the direction of S. A ray
should also be thought of as a set of points.
2. a., PK
b, Point L
> .
~e¢. PK, Note to teacher--This union of two rays does not
result in an angle since the rays are on one stralght
line. : <
3, a, AB; b. BA; c. AB; d.AC; e. Cb or CA
"4, There are several correct answers. One set follows,
—>
a, BA U 53
—>
. BAy CB
—> —>
¢, BCU ¢CD —
. BAN B¢
—> —>
. BA N cD.

7-3. Angles and Trilangles.

\‘5512513
(a)
(b)
(c)
(a)

section students should learn that:
An angle 1s a set of points consisting of two rays not
both on the same straight line and having an endpoint
in common. '
An angle separa.es the plane contalining 1it.
A triangle 1s the union of three sets, 8B, BC,
‘and CK where A, B, and C are any points not on
the same lilne.
A triangle delermines its angles but does not contain

its angles.

189
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Illustrate the 1dea of angle as two rays with the same
endpoint. Use colored chalk to show interior and exterior.
Note how an angle 1s named. ;:‘“

In developing the idea of triangle, put thpee points on

the board and note them as endpoints of 3 1ine"segments,

AB, BC, AC. Note the set of points in each segmelit and

that a triangle 1s the union of these three sets. Use .
colored chalk to show interlor and exterior. Emphasize thén“! .
set of polnts of the interior, the exterlor and that of the
triangle,

Again, students may be interested in drawing angles,
triangles, shading, etc. (This 1s not perspective drawing.)
Drawing 1s a good way to show the students concrete represen-
tation of'abstpact l1deas. It alse helps to develop imagina-
tion and to see relationships.

In discussing the angles of a triangle bring out the
ldea that although people often talk about angles of a

‘triangle, 1t 1s a short way of saying that they are the

angles determined by the triangle. For example, a city
"has" suburbs, but the suburbs are not part of the city.

Answers to Exerclses 7-3a

The crosshatched
sectlon 1s the
interior of the
angle.’

Answers to Exercises 7-3b

1. a. [ Xzy, L YZX

b. Polnt 2

— —3

c. ZX and 2Y
2. c. The interior of [ ABC
3. a. [ TVW

b. Polnt V

c. Point V

190
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Answers to Exercises 7-3c

1. a. The interior of [/ ABC
b. The interior of A ABC

2. a., Yes. They have different vertices.

b. Yes A
The lines containing the rays determine a plane.

(property 3 )

3. a. The point A
b. No. Half-lines or rays would extend beyond the

triangle.
c., AB
d. AB /
e. [ BAC

4, a. Points X and W

b. AABC, A AWK, AXCY, AYBW

c. No z

d. A, B, C, W, and Y;
A, W, and B are in exterior of A XCY
Y is in exterior of A ABC
A is in exterior of . A BWY
B, C, and Y are in extarior of A AWX.

e, Point B, Point A

c. R can be on WX

191
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6.

D NN
A /6B
o
AN %

1. The two triangles are such that one 1is superimposed
upon the other. h

192
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8, &. The points A and C
b, AB
c. The points A and B
~ d. The point B
: e. BC
rf. BC
g. The union of AB and BC
h. /. ACB
*g, a,

o ]
~_

10. BRAINBUSTER:

*a. Yes

) b, It may or may not, depending upon choice of P and Q.
c. Yes
d. No

\

*7-4, One-to-One Correspondence. l (Optional)

Note that this section is considered optional. The 1deas
of one-to-one correspondence which/were learned in Chapter
3 are extended to geometry, and correspondence between

points and lines 1s investigated.
The idea of one-to-one correspondence is fundamental
yih,counting. ’
One-to-one correspondence in geometry can be established
(1) Between a certain set of lines and a certain
set of points

(2) Between the set of points of one segment and
the set of polints of another segment.
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Review the ldea of one-to-one correspondence and the
necessary condition that for each element in set A there
corresponds an element in set B and for each element in set
B there corresponds an element in set A. For example, if
there are 5 chairs and 5 people, efor each chair there 1is
a person and for each person there 18 a chair.

This idea; while elementary, 1s sometimes hard to grasp.
One-to-one coprespdndences between finite sets(sets having a
specific number of elements as in the illustration above) are
easy to observe if they exist. Encourage pupils to suggest
. examples that they observe.

Background Material for Teacher---While the following
discussion 1s not directly related to the material }n this
chapter 1t presents a point of view that is useful in-more

advanced. grades,

We are sometimes interested 1n a particular one of the
one-to-one correspondences{ For the two congruent triangles
- below we are interested in matching A with D, B with E,

c F

p ~
A B D E

and C with F. It is on such basis that we get the con-
gruence. If we were to match A with F, B with D, and
C with E we would not be noting the congruence.

For infinite seté H and K we may be interested in
two aspects:
(1) 1Is there any one-to-one correspondence between
H @nd K?
(2) 1Is there a "nice" or "natural" one-to-one

correspondence?

194
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In the examples in Section 7-%, we not only show that
there 1s some one-to-one correspondence but that there is
a "natural" or "nice" one. There also would be a great many
that are not "natural" or "nice." A '

To establish a one-to-one correspondence we need
(1) a complete matching scheme, and (2) 1in -this particular
device 1t must be true that for any element of elther set
there corresponds a unique element of the other set. It is
implied by what we say that if a corresponds to b, then
b corresponds to a&. -

In effect, té establish a one-to-one correspondence wWe
must have a way of "tying" each element of elther set to a
particular element of the other. And the "string" we use
for tying Ig to b also'ties b to a. '

!

|

Answers to Exercises 7-4a

a. Yes .
b. One ™

195
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6. a. Yes 8. a. Yes
b. One b. One
9, a. Yes
b. Yes
10, a. 3 : e. Yes
b, 3 f. Yes
c. Yes g. Polnt, point, line.
d. Yes

e

Answers tc Exercises.7-4b

1, a, Yes, provided that each pupll has a desk, and each desk is
assigned to a pupil. .
b. No., Thers may be more pupils than desks. There may
te more desks than pupsls. Some pupils may be absent
on a given day. ' ' K
2. a. Yes v
b. corresponding, right hand A o
3. The members of one team can be matched one-to-one with
~ the members of the other team.
L4, Each point has an opposite side and each side has an
opposite point, as follows:

A and BC, B and AC, C and 7B
5. a. one “ "

b. one point
¢c. Yes

196
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6. a. To each point on DE there corresponds an element
of K and to each element of K there corresponds
a point on DE. ) '
‘b.-g81milar anaiysis.
c. ‘To each point oﬂ'\ﬁE\ there corresponds a point on
XZ and to each point\gh"z? there corresponds a
point on DE. These corresponding points are
determirned by K, the set of all the rays through
Y which do not contain points in the exterior
of [ XYZ. ’
'#7. Each even whole number is matched with the odd number

that 1s 1ts successor.
- 0 2 4 6 8. ...

I

1 3 5 T 9.4 ...

»8. Each whole number is matched with the whole number which

is twice its value.

T B S R

7-5. Simple Closged Curves.

In this section these ideas are presented:

"~ (a) Broken-1line figures such as those we see in
statistical graphs,‘triangles, rectangles, as well
as circles and figufe eights are curves.

(b) A simple closed curve . n the plane separates the
plane into two sets---the points in the interior
of the curve and the points in the exterior.of the

. curve. The curve itself is contained in neither set.

"(c) The curve is called the boundary of the interior
. (or the exterior).
(d) The interior of a simple closed curve 1s called

a region.



o

page 257-261: T-5

(e

(£

). The interior of a simple closed curve together with
its boundary is called a closed region.

) If a point A is in the interior of a curve and a
point B 1s in the exterior of the curve, then the
intersection of AB and the curve contains at least

one element.

Draw some curves on the chalkboard, bringing out the
idea that we call them "curves" and that.a segment is Just

one kind of curve.

No

te that a simple closed curve separates a plane into

" two sets and that the curve"itsélf is the boundary of the two

sets,
rectangle 1is a'simpie closed curve., Identify some of the.

‘many curves which are suggested in the room, such as
boundary of chalkboard, .total boundary of floor surface, etc.

St

Also, that any quadrilateral, parallelogram or

udents enjoy drawing elaborate curves which may still

te classified as simple closed curves. Encourage their
drawing & few simple closed curves for a bulletin board

exhibit,
Answers to Exercises 7-5 -
1. a.
Any quadrilateral
b.
Any pentagon
. C.

Any triangle

198
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2. "I’ |

3. d. The intersection of the exterior of C, and the
interior of C,. '

e, The interior of 02 and the exterior of Cl‘

b, a, Yes

b, Yes . , ‘

¢c. No. It contains 2 intersections.
5. a, B and D

’

v

Note that ‘X and Y are separated.

199
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7-7+ Chapter Review,

Answers to Exercises 7-7

- —
1., a. SR, ST or i} 2. RS, BRT,
> —» == =
b, SR and ST, ete. RU, ST, 30, TU,
— —> .
c. SR TU, etc. ﬁ‘T, ete.
—> —>
d. STU TU, etec.
— 7 >
e. SR ST, etec.
— -
f. SRN TU, ete.
<>
3. a. AD 1is the line XD. It extends without limit in

both directions. AD_  is the segment AD. It does
not extend beyond its endpoints. '

b. AB is the segment AB. It does not extend beyond
its endpoints, Kg is the ray E It has one
endpoint, A, and it extends without limit in the
direction indicated by starting with A and
proceeding through B.

¢, Point D

- 4, a, Point A

&

¢, Point C°

d. empty set
5. a. and QS, etec.

The
PR
b. PQ and QR, etc,
Q
§2°)

b. RUSs=1{1, 3, 4, 5, 7, 9, 10]

7. a. G or B
b. A or F
c, E
d. The empty set -
e. FG
£f. L BEG . S <

K

2011

|
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8. a. It divides space into two half-spaces,
. b. It divides the plane of the basketball court into
. two half-planes. _
c. It divides space into two half;gpaces.
d. -Point P divides both lines AB and 63 into

L half-lines.
9. a. L ABC
it b, A
Y e, Segments
¢ T8
el 1B
.10, a. Polnt E.
‘5. T
c. EC
d. L AED
- e. The empty set o
11. a. Eg_ r PR e ,iL BQS
; b. B s 4, Q and S j

. e. . Q
l2. d. Ths\exterior of C ﬂ the 1nterior of C1

13. We can maych each state with 1ts state capital and we can
~ ‘match each gtate capital with its state.

14- ao A 6‘; ‘A, D, . or E
b. G- and F d. [:CAF
o e. AC

15, Each 1line through 2 will cut segments XY and WV 1in
matching points. ' :
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7-8. Cumulative Review.

Answers to Exercises 7-8

l. False
2. True
3. True
4, False .
5. True
6. True
7. False ,
8, True -
9. Eight ‘
10, a. 8 Y. any whole number

' \ c. O

11, a. J . the empty set
"b. the empty set d.
e, H
12, a. 2, 3, 4 5 6 10 b. 3 5
. . : . 1 i
13, a. '-% s c. '1—5‘
15 3
. b. ﬂig” d. 15 -

14, a. EF
b. point E
c. If 2 different lines intersect, one and only one
plane contains both lines. '
4. Ba and F are in exactly onﬁdglane E 1s a point
‘on EG and F 1s a point on GP Therefore, E
and F are in plane EGF and Er 1s in plane EGF.

&

Sample Test Questions for Chapter 7

Teachers should construct their own tests,=using
carefully selected items from those given here ) from their
own. There are too many questions here for one test. Careful
attention should be given to difficulty ofiitems and time
‘required to complete the test.

« .
. . o i




1. Draw [ ABC. Iabel P a point in the interior. Shade
‘ .the P side of line =,

‘2. Draw two simple closed curves whose intersection is a set
of exactly four poilnts,

3. . Draw a simple closed curve which is the union of five

S
“-'segments, no two on the game line,

4, Draw A PQR. Label a point A between P ‘and Q.% - .
- Draw the line AR. List all triangles represented in .-
. your figure. (' APQR, A PAR, A RAQ)

5. Each point of a line separates the 11ne:1n§o .
‘ Each line bf_é plane separates the plane into .
. 'A plane separates space into : .
I,(tWO‘half-lines, two half¥plgpes, two half-spaces). -

6. " Consider the figure at the right:
' a, List 3 rays represented
- > —=>, .
. (BA, AC,_>CB)

~ 'b. What is AC N aAaABc? (AC)

) f— -—> .
|"c. What is AB N AC? (Point A)
| ) . ~ B

-~
«

|




e,

.7'

10.

a. What is AC ) BD? (BC) al
b. What'is the BE N TH? (The empty set)
c. What 1s the union of AB and BC° B+
(38) !
d. What is the union of Iﬁ and BC?
(AD) °T

Draw a horizontal line. ILabel four points on it
P, Q, R and S in that order fron left to right,
PR I S T .
P Q R 'S
a., Name two segments whose intersection is one point.
(P and QR,: etc. )

—
b. Name two rays whose un;on is the line. (PQ and QP,

c. Name two segments whose intersection is a segment.

- (PR and GF, etc.)

d. Name two segments whose union 1s'gg£ a segment,
(P§ and RS, etc.) ' '

.label A, b,‘aend C three points not all on the same

L o 4
line., Draw AB, AC, and BC

a. Into how many regions does the

" union of the segments AB, AC
, and BC separate the plane? (2)
b.. Into how many regioni,ooes the

ete

union Gf-the lines AB, AC, "L.{/ R &
(7) '

. and BC separaté the plane?

Draw a.vertical 1ine on your ‘paper. Label points-

‘A, B, C and D 1in that order from top to bottom.

In the'figure,‘show how a set of rays from P may be
used to. establish a one-to-one correspondence between

“AC ana BD. (Rays from P will cut AC and BD

1in sets of points which may be shown to correspond.)

- | 20



11, To the left of an item in the N
‘left~hand column place the letter
of a correspuonding item from the

right-hand column: ' A/ p
1 ’
/
| f
- .
(g) 1. the union of PA and PB  a. AP
(£) 2. /ind, b. BB
(¢c) 3. segment AQ c. AQN BB
(a) . &, pgint in interior of LAPB 4. Q
(e) 5. P e. 171
(a) 6. ray on XVE f. P
(b) 7. the union of AQ and QB g. [ APB
(1) 8 WNJ . h. the empty set
(n) 9. XN 1.
(J) 10. the union of 5 and AP Je Aﬂz Co

12, True or False

\ 4

In the corresponding blank to the left of each of the
- following statements indicate if it is . true or- false

(Tr'ue) 1 Point 'Q 1s on the C-side of 2B,
(False) 2.. AB is-the intersection of two half-planes.

-7




(False) 3. The union of EB and Ei is Z.ABCQ
(False) 4. Point B separates éf; into two segments
: CB and EB._ i
(False) 5. Point B geparates CD 1nto two half-lines.
(True) 6. Point Q 1s in the interior of [ ACB.
(False) 7. Poirt Q 1s in the interior of / DBA.
(True) 8. The interior of angle ABC 1s the intersection
| of afhalf-plane containing C and a half-plane
containing A. S .
(True) 9. Triangle ABC 1s a simple closed curve.
(True)- 10. A one-to-one correspondence may be established
' between (a) the set of lines intersecting
AC and containing B and (b) the set of

<>

points on AC/] [
1

L

M\
P

13. Multiple Choice
1. [1 and /2
&, 1intersect in the empty set
b. are parallel '
C. intersect in one point
d. are in the same plane R 1 (a)

"2, Segment QF
a. iies in plane ° M2
b, 1lies in plane Ml
c. connects andelement of Mln&with an
element of .M2

d. ‘none of these : 2 §c}

206 ~
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3.

5.

l)f"g

a. /2 separates Ml into two half-planes
b. /2 N M2 is the empty set
C. “/2 N Ml 1s the empty set

d. I o Separates space

a. MyNJ =P

c. M. does not extend endlessly as doesAp

d. M, containsg all the points of 1

2
2
Point Pﬁu

a. is in the intersection of M, and M2'

5 (b)

b. 1lles in a haif-plane whose boundary 1s Aﬂe

¢. 1s not an element of PQ

d.. is not an element of /1

5_(b)

Are each of the following simple closed curves?.

Give a reason for your answer.

a. (No. It cannot be drawn so that it

- starts and stops at the same polint -
without touching some point, other
than the starting point, more than

once.)

b. (Yes. It can be drawn so that 1t

‘starts and stops at the same point
without touching some polint, othef
than the stafting poiht, more, than
once, ) ‘ )

O



Chapter 8
RATIONAL NUMBERS AND THE NUMBER LINE

As the title indicates, this chapter deals primarily
with rational numbers on the number line. A few other topics
dealing with rational numbers have also been included in this
' chapter. . A

The importance of the 1idca of representing numbers as
. points on a line can hardly be over-emphasized. This ldea
' ‘provides the basis .for all graphing and for coordinate
weametry and is constantly used in mathematical analysis.'
Furthér, it provides the motivation for the order relations
between numbers and for the invention of the real numbers.
Also, this geomeﬁrical treatment of numbers should help to
clarify the meaning of the elementary arithmetical operations
of addition and multiplication. Most persons understand ideas
~ better when‘they can"be demonstrated geometricaliy.

8-1. The Number ILine.

The placement of the whcle numbers on the number line was
introduced in Chapter 3. Now this toplic is presented in more
detall and, the operations of addition, subtraction, multiplica-
tion, and division are treated geometrically. .

Although we begin by placing arrows on_both ends of the
number line to indicate lines of infinite length, weblater
drop_theée for convenience. : '

Addition 1s vector addition in one dimension. Subtrac-
.tion 1s presented as the inverse operat;on of addition so that
the same dlagram illustrates 2 + 3 = 5 and 5 - 2 = 3. This
uidéa of inverse operation was presented in Chapter 3. There -
are other'scheme8<for'representing subtraction on the number

.‘line'which are perfectly correct, but we haVe chosen this
method of presentation which is consistent with the approach
used when the negative rationals arle studied in Chapter 17..
The length and direction of the arrows are'significant. )

; The method of adding is Qevelbped step by step in the

text. = Although it is somewhat awkward to transfer the arrow
as 18 done for addition, this method not only gives the
' . 209 ‘
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- \.‘ » ‘[,‘
diagram for subtraction, but also can be generallized when
"negative numbers are introduced. After the sﬁadeﬁt under-
stands the procedure, the actual step of transferring the
\ ~ arrow to the origin can be done mentally, and need not appear
on the dlagram, .
The student should go through each step carefully in
doing the problems. It willl save time 1f the students are
given duplicated coples of number lines on which to do,the

exercises.

Answers to Exercises 8-1la

1. 3+4=7 and T7-3=14

2. 2+ 7T =29 and G -2=7
%, b 4+ 4 =8 and 8 - 4 4
4, 3 +5=8 and 8-3 =5
*5, 0+7=7 and i -0=17

Multiplication and division on the number line are
presented as inverse operations and the diagram for 3+ 4 = 12
1s also the diagram for 12 + 3 = 4, .

-, ‘ | The only division problems considered in this section

' are -those 1n whlchithe quotients are whole numbers, In the
hext sectlon the same method 1s appllied 1n cases where the
quotients are not whole numbers. As a result we obtain a
method for locatling .rbitrary rational numbers on the number

line,. .
Answers to Exercises 8-1b
lo =3 ‘ . ‘
(4 +3) >
>t
I i
—_3 sl
I
4 % |
>
i |
- I |
TS SO SN WA TS RSN WA NAVRN W S SUN B
0. | 2 3 4 L] € 7 &8 9 10 1l 12
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By this time the student should be able to see the dlagram in
this form wilthout transferring the arrow for 3. When we
dilscuss the problem for addition of rational numbers we shall
"have to transfer the arrow since it would no’ be posslible to
locate the rational’point wlthout starting at 0, »

b. 7 - 4, Same diagram as above.

-

2, a. 5.2

. (2+2+2+2+2)=8-2 >
.
! : | | : !
2
: L, '
|, 2 l |
2 —=5— ! ! I
—= b
I
i ] L ] ] 1 ! L 1 .
0o | 2 3 4 5 6 7 8 9 10
b. 10+ 5
B Same diagram but labeled 10 and 10 + 5 instead
o of 5! and 2.

82, 'Locatiﬁg Rational Numbers on the Number Line,

N\

:'\ The process of finding rational numbers by folding ribbon

j parallels the motivation for the invention of the ratlonal

\‘\numbers in Section 6-2., A much more satisfactory construction
exlsts.f We present 1t here. Consider the number line:

] ] }
] i T

3 4 5

Q.1
N—n—
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: N
_Draw a ray with one end at O.

.

On this ray mark off three equal segments as indicated above.
Now draw the line through C and 5. Next draw lines through
A and B paralle; to CD.

D
5

0

/|
7

And now the lengths OE, EF and FD are in the same pro-
portion as OA, AB and BC. Since OA, AB and BC are
equal, so are OE, EF and FD. The points E and F
divide the segmenﬁ from O to 5 1into three equal parts and
therefore the point labeled E 1s in fact g .

The above demonstration obviously, requires a much
greater knowledge of geometry than the student is equipped
with at thls time. .

" It should be noted that we first present % as "one of
three equal parts of 5" rather than "5 of three equal
parts of one." This is in accord with the algebraic defini-
tion of % given in Chapter 6 {i.e., % 18 the result of

dividing 5 by 3).

o
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Answers to Exercises 8-2

s

l, a, x ='§ b. 3x = 8
2, a. x = % c. 614 = g
b, 4226 d. bx =6
3. a. 3. % =5 and 5+3 = %/“"\\j
¢ be H e % =7 and 7 +4 = %

8-3. Comparing Rational Numbers.

The principal reason for representing numbers as points
on a line lies 1n'the fact that this representatiodn préserves
the order of the numbers, That 1s, 1f a 1s to the left of
b then a 18 less than b and conversely. It is hoped

‘_that this section will impress this fact on the student. ' In
addition to this geometric method for comparing numbers, the
section supplies an algebraic-method for comparing numbers.

In this section there-is a diagram showlng points labeled
with numerals in several different ways. It might be well to
emphasize here that the points on the number line correspond
‘to numbers and not Just to the numerals. That 1s, although
a racional number may be represented by many different numer-
als, there 1s only one polnt on the number line corresponding
to this numbér. In fact, ﬁhere 1s nothing wrong with taking

- the point of view that the points on the number 1line are the
numbérs. Remember that we have never said anything concern-
ing what numbers are. We have only disbussed the properties
of numbers or the ways in which numbers behave. But the num-
bers themselves are abstract entities; we have never decided
what they are. In fact, we do not need to know what they are;
we only need to know their properties. This 18 the 1dea

‘ behind the axiomatic method in mathematics. .

""" Since we have not saild what the numbers are, we are still

at liberty to decide what they are. If we find it convenient,

Ly
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. we may decide that the rational numbers are points on a cer—
tain line, of which we draw pictures in this chapter. This
“was the point of view taken in writing this chapter (although
1t was not specifically mentioned in the text nor need it be
mentioned to the students).

The primary purpose of this chapter is to establish the:
geometrical interpretation of > and < . There has been no
effort %o develop a comprehensive theory of inequalities.

Answers to Exercises 8-3a

1. 1

2. 2

5. 258

b, #

5. 2

6. a. % b. % < %

T. a. % < %? b. %?

8. If two fractions have the same denominator, the one with
the largest numerator represents the greater number.

9. If two different numbers are located on the number 1line, -
the one farther to the right is the greater.

Answers to Exercises 8-3b

; 10 8 11 ! 22
Loa < ©oT<T & 15<T5
13 1 4 1 14

b. -3— —32 e. %<T2— .h. §‘g\<§ﬁ'

6 4 . 6 4 _ 11 .12

c.‘ g > g f. § > § i. = < N

2. a. q@>r since q 1s to the right of r on the
number line.
b. p< s s8ince p 1s to the left of 8 on the
number -line. :
214

=
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c. t <q since t 18 to-:the left of q on the
number 1line. '

d. 8 >u since 8 18 to the right of u on the
number line,

€. 8 < q since s 1s to the left of q on the
number line.

f. p<t since p 1s to the left of t on the
number line,

g. u>r since u 1s to the right of r on the’
number line, !

hs. r <t since r 1s to the left of ¢t on the
number line,

1. u>p since u 18 to the right of p on the
number line,

Answers to Exercises 8-3c

1. a. % > g } % . g = %%

4 20
T~ 3

i L]
9
%% > %% therefore % > g

y oo 4 .3 _ 12
b. §<% 3°'%5=%
2 14
~ % 25w
%% < %%?ntherefore % < %
21 10 0,2 _20
¢. 352731 3% 2
%% > %%,,“therefore %% > %%
/ 13 2 13 .2 _ 26
a. 1 > & BrE=5&
. )
%g > %E, therefore %% > 5%

1
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.
2. :—'.’-
LA 3 2 A X
N L]
Jﬁ T I'.l.l‘l[li —1 T :
0 L'gl!_s_- 3
1] [} _
_3.' Store B since %
— 4 _2_
4, ' The state since 5 <55 -

The Comparison Property 1s given in this section. By
‘deriving 1t from the problem of comparing only the products
a*d and bec for the rational numbers % and g, " the
rule for equality 1s also derived. This gives the - trichotomy
statement for rational numbers although this property 1is only
tacitly assumed for counting numbers throughout the text.
There 1s no need to use the name, "trichotomy", with students.

Students may find it difficult to apply the Comparison
‘Property. When.they compare two rational numbers they will
pfdbably find 1t easier to express the numbers as fraptions
having a_éommon denominator. Since we will make extensive
use of the Comparison Property (in the "section on equivalent
1nacfi6ns, when working with infinite decimals, and through-
out Chapter 10 on ratios and proportion) it is important to
do Exercisss'8-3d in a very formal manner, The use of correct
:"fdrm now will make subsequent problems very. easy. Some
teachers may recognize the Comparison Property as the "cross '
product” rule; it might be helpful to some students to see

that

a;f.d is T%\tgg;. this product
and b e 15 & < this product.

In some classes 1t is 1nadvisab1e to mention this for
pupils apply 1t to % + % as well
- The converse of each part of the Comparison Property is
true, but we state only the .converse for“equality, since 1t 1is

used extensively in the chapter on ratios and proportion.

216
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i
Answers to Exercises 8-3d

1. fl-<%-g e &<} 7. §=1
2.|,_]-t?f>g_3i- ' 10_‘§>.% 18. %>%‘
3. %—%=1—8§ m'/11.~i;->g 19. -161i=-15'
b <13 e =2 20, 2> 2
5. $>38 v B >3 2 g
6 _;\)_152_ 14, %)a;- 22, 17]: <%
B >‘-32— - 5. #2<f 2. &=
6. 3<2 S Eed o 83
. *25. a. L i . L L
B T B R
b. 2> %,;2— <} \
% > g{ % < %
-;-,< % 2> g “
c. §-> %

8-4, Mixed Numbers.
,‘ .1’ . — . .,
No noveltles are encountered in this.section. Teachers

_'may want to supplement with more problems, especially.word
problems, depending upon the individual class.

217
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Answers to Exercises 8-la

1. a.  improper - f. proper k. improper

b. improper g. improper 1. ‘improper

" /sc.fxgroper h. proper m. improper
d. improper “{. improper n. proper
e improper j. proper o. proper

= 2. e, b proper; 1, 4, a, .¢, £ improper.

Answers to Exercises 8-14b

1. | 33
2 | ] iy 4"§‘ ";
' 2% 37 |
—— : T IS l | :Y !
0. | e 2t 3 11 b4 g
2 ]
L ¥ 27 3% ¢ .
2. a. 1<2<¢?2 £, 10<8c¢1
. 2. y B
b. 0<$<1 g. 1o<31—11—1<11
8 33
. 70 8k
d. 6 <7 <7 . 1. 9:<9<1o
e. 3<:371—*<# . 7<5’87-<8
3., a. L% e. ,.g* ) 1. ld%% _ Cm. 1E%8
2 2. ‘ 1 4
b. M £, 8% 3. 3y n. 4—121—1
el 2 1 LT
e, 6 g 215 ko 103 0. 135
a. o h. 11 1. 2-12521- P %—?,
Answers to Exercises 8-ke
1.
2% 3% 43
i [} 1 i\ : 1 1 1 2 1 1
LB 1 N [} LI | ! '2' 1 i r3 1
o] i 2 27y 3 35 4 45 5
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2.

o

;{-: | e %2 1. o
2 £ 2 5. B2
e e 2 ok 8
- h. 2 1. L
34 d. 2z g. < 12
5% .e. Eg% h. -1%
| wsL £, 75k 10113

'No, there 1is 1} cup too much.

26 miles,
2% gallcns;‘
Answers to Exercises 8-4d

2. 8 e 2 e 55
b. 3 ., a 288 £ 2
a. yes

b. _1-2- yds. were left over.

$3.06
'8 hours

21 Jar:g

'1, N

5 miles
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4

8-5. Complex'Fractiqgg.

’Thé definitlon of a fraction is extended here to include
.expressions of the form \% where a and b are ﬁational
numberé. The actual form of a and b 1s not significant,
B ' Their,numerals may be fractions, mixed numbers, or decimals.
'.Uhtil we proved that the rational numbefs were closed under
“division, 1t was-necessary to 1imit the idea of the fraction,
. %, to a and b Vh°1e_numbers end b # O, Now that we
know that division of rational numbers 1s closed, the symbol,
%, where a and b are themselves rational numbers is
meaningful and % 1s a name for a rational number. Much later
in algebra the concept of a fraction %- will be further
. extended to 1nclude all symbols of the form » Wwhere a and
b "are real numbers. Then expressions like _g, or( 5 will

be called fractions also.

ol

~ Answers to Exercises B-5

' 8 8 2
1. a. § d. Tg ge 3
b. %9 or 1% e. %? or 1% h. E or 2%
2 2 i35
c. 5 or 13 . . 4 i, %g
2 o 2 :
2. a. 3 d. g7 or 1§$
24 o4
b. 33 e. 5
e C. 2 _ £f. 1

8-6. Equivalent Fractions.

This 1s the first of several applications of the Com-
parison PrOperty'to the solution of proportions., The word
-proportion 1s not introduced in the student text until Chapter
10 on ratios. The solution of proportions is a recurring
theme of Volume I and Volume II. It is used: ’

1. to find equivalent fractions (Chapter 8),

220
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2. to find decimal representation of fractions (Chapter
9). o : :

3. tq solve ratio problems (Chapter 10).

4, to solve all types of percentage problems (Chapter 10)

5. to find'equivaleht measures (Chapter 11).

6. to convert between the metric system and the
T ' Ehglish system (Chapter 21).

Proportions arise very naturally and frequently in most
sciences; chemistry, physics, bilology, and engineering, in
particular. The early introduction and solution of this type
of ‘equation should be extremely valuable and helpful to
students.,. ‘

The form in which the proportion is solved 1is of great
importance. The teacher should insist that at least three
steps be written on the pages, one beneath the ovher. Special
vigilance 1s requlred to prevent incorrect use of equality
‘signs.

In this section juxtaposition is introduced with the
symbol 5n to stand for 5+n or n-+5. Some students may
. ask if *-n5 could be used also. Preference for 5n 18 a

. matter of convention. ‘

i We have included problems.on expressing fractlons with

- denominator 10 to help the student when he needs to express
rational numbers as decimals... The student should see that we
_can only approximate the location of % if we locate it on a
number scale divided inio tenths of a unit. Exerclse Set 8-6
can be easily divided into two parts: Problems 1-7, and
Problems 3-12. '

Answers to Exercises 8- 6

: : o 1
1. a. b4n =18 b. n T 2 or ui
2. a. 6n = 18 b. n %? 3 -
3, a. 2n =56 b. n = %? = 28
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- 10 100 _ 551
| 0
5. a. 10n = 30 b. n=29-3
6. a.. 3n =100 b. n =109 552
- 0
" 1_ .n - 100 101 _12%
8. B = 100 » 8n = 100, n=-§—=122, §~T'(23
1 1 1
3z 33z 333%
9.
0 1 .
10. a'_;lzo:'=‘3‘8‘ e 1o
20 2 10 2
20 62 2
&
b o =T £ -3
ko 52 70 ozl 1
2 32 32
: = p] o _ -
c'—i%-—jg_ & 96~ 10 “2*"'1%_
210 1 1
e _E_ 5% % g, 1
=" "S5+ 0 10

1l. We'have put all of the points < 1 on this number line: -~

I~ Te—ol-
+—a|-
+—-ja
Lq—ulré

Sle +4—o|a

] [ N B G S | 1
i | I— I A A ]
2 3 &4 85 8 7 9
O ® % ® ® ® w© o |
Note that except for % all points are only locatéd

app;'oximately .

The points > 1 are located on the foilowlng number line.
You may wish to have the students put all of the points

on one number line.

+ ol
- Q'g

| |
! t

-
0 | T2 3 4 5
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10 111 11
e o>
2000 gge2 . 6662

210000
: _ 52500 _ 52500 .
C.. =16,000 '~ 10,000 ~ 5"5'!»—10 .

87, " Operations on the Number Line.

So far, our operations with numbers on the number line
have been confined to the whole numbers. Here we show that
the same geometrical methods of adding and subtracting apply to
any rational numbers. So as not to bring in the added diffi-
culty of locating the numbers on the number line, most of the
examples in this section have the numbers indicated by “letters.
We are careful to state that the nuabers a, b, etc. are
~pationa; numbers, even though the methods apply as well when .
‘the numbers are irrational. But the student has not yet en-
countered the irrational numbers.  When point§‘are selected
on the number line, it is necessary to specify that these are
. points representing rational numbers. We will not be ready
to treat the question of whether every point on the number
line represents a number untll we discuss the real numbers in
a later course. :

Multiplication and division of rational numbers can also
be shown geometrically on' the number line, but it is more
eomplicaﬁed and not as useful.

Answers to Exercises 8-7

6.

1. u t 1. p
2. v 7. D 2. t
3. -8 8. ¢t 13. t
b, r. 9. g . 14, s
5. t 10. q 15. v

—
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' 8-9; Chapter Review.

N C Answers to gkercises 8-9

- l .‘_" L”’a”. V
43 i
I ! t 3 J
o R RN i
- >
\ L 3 ;,lh | 1
3 o . | [ |
e ! I l
' ——t J R s | } | ]
0 . 3. 4 5 6 7 8 9 o 112
L R4 43
b. BSame\ dlagram for 12 + 4, ) '
! S
Co - . 542 N|
I !
2

——

. 5 | )

> :

1 1 1 1 1 _ .L 1 1 1 1
! 2 3 4 5 6 7 8 9

K]

d. Same diaéram for 7 .. 5.
2, a. 23+2F=5 or 3+2=5.

o 5-3=3.
. 2=
c. 2+5=5
d. 5+ 2=2. -

(In general, a dilagram will show either addition and -
its inverse operation or multiplication and its
- inversé but not both, as in this special case.)

3. —t—t——— b — —
. 0 % % I % %. 2 % 3 4 5
b, a. y d. z g. X . Je u
b, v e, v h. x , k., x
c. X% f.ow i. .y 1, z
224
5

Y ot



Py

51page 30443b5é”8-9 k

5.
] 1 8 .
— . 21 = = . -
_*_%7? % 1 -Ts [ -g* z'l 1 } £
s LI | LI T T LI 1 ) ¥
0., | 2 3 4 N Se
B : 5 6

6., If a rational number is greater than 1, then when 1t is
' expressed as a fraczion';ts numerator is greater than the
denominator. Therefore, the reciprocal has the denomin-
ator greater than the! numerator and the reciprocal is
less than 1. i

If the rutional number 1s £ ween O and 1, then when
1t 1s expressed as a fraction its numerator is less than
its denominator. Its reclprocal has a denominator less
than 1its numeratof and represeﬁts a rational number
greater than 1.

7. a. b<e c. m>n e. r<s
b. e >m d. n r f. s> u
8. a. 5<¢ ct 2>% e. >3
b. =% d. -8~=%, r. %§>-§-§
6. a <2 . Bl e. §>1
b, =12 . £<5 £. 252
10. 25 11. 2 12, %

13. Brainbuster: Each par” may be used in the following .part.

a. 14+ —t—=1 +.—%— =1 + % = %
1+3 z ]
Y . 4.3 8
b. 1+1.+ —=lt==1l4+g=3
; Y 3
1+ 3
| 1 _ 1 1
oe 1l n =1 4+ 8"'1*%"3
+ T '-5-
14
T
1+-§
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8-10. Cumulative Review.

Answers to Exercises §-10

1., addition g// 5. none or zero
2. 1inverse 6. a. (6, 12, 18, 24}
3. counting, even counting b. This 1s the empty set
.‘4. subtraqting T. (32, 36, 40, 44, 48}
8. TO
9. a. 1 b. % C. g
| 1 .. 2 21
10, Qe 7 Ce 7 €, -8-
1 8031
b. 15 a. =21 £.7
1i. a. A AFC, AEDE, ABGC _e. point A
b. points G and C f. AD
c. the empty set
d. LGBC

12, <E?g and ‘C?lie in plane CEB, Since A 1s on ig and
D 1s on *C?, then ‘E 1s in the plane CEB. If a
. lilne contains two different points of a plane, 1t lies
in the plane,

i
4

Sample Test-Questions for Chapter 8

- This set of questions should not be used as a chapter test.
Teachers should construct their own tests using carefully
selected 1tems from those given here and from items of their

own.
True or False:
1 .
R et RN S — S ,
‘ - R
) L5

(F) 2. If one fraction has a larger numerator than that of
a second fraction, the number represented by the first
fraction 1s always larger than the number represented
by the second fraction.

226
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(7) 3.
(7). b.
_(F) 5.

(1) 6.

(T) 7.

‘The diagrams for the problems 9+3 and 27 + 3

are the same.
A whole number can never have a fraction as a name.

If two fractions have the same denominator, the
numbers they represent are always equal.

L

-%— can be represented as a fraction with numerator

5 .

and denominator as counting numbers.

A fraction 1s a numeral 1nd1éat1hg the quotiernt of
two numbers, with denomlnator different from zero.

T

2 .

11-- ~100

The reciproca} of %% is i;
13

19 .21

51 < %%

Multiple Cholce:

If 4 «5>2 « 2 then
a. g < % ’
-
b. §>§'
ok _2
C. 5 =3

d. ncne of these
If 51 « 3 =17 « 9 then
21 3.

ENE2S

c. 2% -4r
9 5

d. none of these

i3



ce 3. .We can change the denominator of the fraction —%—

to the number "1" without changing the value of

the fract‘ion\"ﬁ@ '

AL a. adding E to the numerator and denominator v
N‘l ‘ b. subtracting E from thﬁ numerator a»d denominator

-pﬂﬁ“f Cc.' multiplying both numera&or and denominator:by &

d. dividing both numerator and denominator by E;

e. none of these L )

!

Completion: ‘
- 1. .In each case below insert one/df the symbols, <, =, >,
' 80 as to make the statement tfue:

a. § § > e ‘»—2-66 3= <
. % g— > / £ 2 %J -
. 2 £ > 8 R i—g >
w3 -

2. A crafts class needs a type 6f,decoration that sells for
73 cents a foot in one shop and at 3 feet for 25
cents in another shop. How much can be saved on each
foot at the cheaper price?

Ans, At the second shop the price 1is 8% cents for a
foot, hence % of a cent per foot can be saved
by buying at the first shop. _ '

3. A group of seventh graders have promised to collect 50

pounds of secrap metal., They have 36% pounds; how -
much more must they collect to keep their promise?

Ans. 13% pounds

- ' 228
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Tom needs four pleces of wood 2% feet long for the legs
of g table. Boards from which this wood can be cut come
in the following lengths: 8 feet, 10 feet, 12 feet,

~ What length board should he get? How much will be left

over?

Ans, He needs' 11 feet; hence he should get the 12
foot board. He will have one foot left over.

. There'are 40 ﬁuestions on a test, If all questions are

giﬁén the same value and if a perfect paper gets a grade
of 100, how much should each question count? How many
questions -would a student have to answer correctl& to
get a grade of 90 or better? '

.;A.QS_n 2%‘:'.; 36

When'a merchant buys candy bars, he pays 40 cents for
boxes holding 25 bars. If he sells Uhem at 2 bars
for 5 cents, what is his profit on each bar?

Ans, Each bar costs 1.6 cents, he sells them for "2%

cents each, Hence his profit 1s 0.9 cents each.
This can also be found using fractilons excluslvely.



Chapter 9.
DECIMALS

The maJor aims of this chapter are:
. 1. To explain deelmal notation.
;;Epi"",juw-To develop and rationalize the rules for performing
arithmetic operations with decimals.
3. To develop a method for writing rational numbers as
decimals. _ , .
4, To show that every rational number may be expressed
e - as.a repeating decimal.
5., /To develop the concept of rounding numbers.

The exposition in this chapter does not presuppose any
prior knowledge of decimals on the part -of the student. Where
this is not the case, the teacher may find it convenlent to

" cover the first part of the chapter quite rapldly. However;
if this 1s the students!' first exposition to decimals, time.
should be taken to cover the initial portions of the chapter
quite carefully as well as to discuss the rationale of the fun-
damental operation with decimals. "

For the very slow student, Section 9-3 might be omitted
without great harm. However, eXxperlence indicates that even
the slow learner seems to enJoy the topic of repeating deci-

mals.

9-1, Decimal Notation.

" This section opens with a discussion of decimal notation
.and‘expanded form. Since the material ou expanded form was
first introduced in Chapter 2 , 1t may be well to devote some
'time to a review of this topie before introduecing decimals.
‘The decimal point is introduced as a punctuation mark
‘whileh separates the whole number places from the decimal
places. As an outqomenof this lesson weheXpeot the student to
recoénize that the place values in a number, as you read from
left to right, are decreasing powers of 10.
We also want the student to understand the meaning of
place value.. For examgle, he should see that the digit 3
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represents three~tenths in each of the following: 0.3 ; 7.3 ;
8.35 ; 29.376 ; etc, ' '

L . There 1s another way to introduce decimal notation which
_ is not included in the students' text but which 'you may wish
: to try: '

Consider the numeral 4659 1in expanded form:
(a) 4(10%) + 6(10%) + 5(10) + 9(1)

Mthiply this number by f% :

(6) 15(4(10%) + 6(10%) + 5(10) + 9] =
4(10%) + 6(10) + 5(1) + 9(fx)

Now note that multiplying the number in (a) by %b is
the same as dividing it by 10. Then each digit in (b) rep-
resents a number which 1is fb of the number represented by
the corresponding digit in (a). For example, the digit 6
in (b) represents 6 x 10 whereas the digit 6 in (a)

represents 6 x 100,
In a similar fashion, we can multiply (a) by I%U :

(a) #(20%) + 6(10%) + 5(10) + 9(1)

(c) #(10) + 6(1) + 5() + 9(1—;g)

Now each digit in (e¢) represents a number which is I%U of

the number represented'by_the corresponding digit in (a).

" Next we consider how to write the numbers (b) .and (c)
in positional notation. Clearly 4659 18 incorrect. We de- )
cide to "invent" a decimal point and write (b)' as 465.9 and
(c) as 46.59. '

_Answers to Exerclses 9-la
(Class Discussion):

1. a. 0.3 ' d. 1.9

b. 0.27 ; e. 25.7
c. 0.389 o+ f. 81.35
N

2. a. four tenths
b. thirty-tyo and seven tenths
c. twenty-elght hundredths

232
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fy

: o b
X

o

i 30 .

e.

!_éib;élﬁza$¥l

three and férty-séﬁen hundredths

. two hundred fifty-seven thousandths
f. seventeen and nine hundred thirty-five thousandths
. 1
b 15 s 18
Cse -#6 h' %0'

' ‘. m . m T
.. 10 2
€. =1 Je T&
18
a. T d. 1556
N ‘ 36
b fr €. 160
c. f%% or %b ' .
2 3
a. .5+ +
SRR LT
S
b. 3 + +
o * 12
. o
ce 28 + + —ﬁg
10 10
d. 75+ f% + —lg
' 10
.a; .38
bo -79 /
c. 5.01
d. 23.95
Answers to Exercises 9-1b
a. 4,967 ' d. 804.359
b. 5,618.3 e. 5.24
c. - 245.61 .- f. 0.483.
¢ . .
233
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a.
b.
e

d.

e_a

'f. )
-
‘ hc'

a.

b.

g 372.06

h, 0.0206 .

1.\\§.507‘k

a. - 7(103) + 8(102) + 6(10) + 2
b. B(10%) + 3(10) + 7 + 9(g5)
c

. 2(10) + 8 + 6(I6) + 4(I6§)

.'3(10?) + 4(10) + 7 + 1(%5) +(5(;§§)

9(10) + 6 + 3(3%) R Tl=) + 2(=)
2 + b(gy) + 6(=5) + 5(=y)

3() * B(=) + H(—3)

U= + 3y |

.2(10)‘+’4 + 0(%@) + 9(I§§)

©3=) o=y

. 81x hundred fifty-eight'

three and two tenths

four and seventy-three hundredths- *gf" N
fifty-eight and twenty-nine hundredths ’i »
seven hundred fifty-nine and six tenths
forty-eight and seven hundredths

;three and two hundred nine thousandths
thirty<seven and'one hundred six ten-thousandths

5.52 o Cod. .1b

762.§ E ; e. 2.007

300,52 . f. 60.07

7 - 10 - b. 2 - 102
234
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. » o N\
v co 2 -1 - e, 0 N10
Vo : . \
. d. 5. 103 | ©f. 5. 10°
# RS . \ S
‘,.'6. -,'»¢5. l\.
..." v \\\\
%

“twelve
#, -
’ 8f _g-= Pewelve

*9. 1‘0-011tw§ =’1(2) + 1(-12-) + 1(2%-) =2+ -,1: + g =

28‘ 2.375

9-2. Arithmetic Operations With Decimals,

The purpose of thls sectlion 1s to present the reasons for\-
the manner in which we add, subtract, multiply, and divide dec-
imals. , } R ,

“"For addition and subtraction we express the decimals as
'fractions and make use of the distributive property. This. lets
us-add whole numbers and explains the algorithm that the stu-
dent uses. Thus in finding the sum 0.73 + 0.84 we proceed as
follows. ' ' : ‘

073’“08“—(73"1'60')*(8“"756)

o = (73 + 84) X TUU by the distributive prop-
- erty :
| = 15T X 5 |

Now this step shows that we add the whole numbers 73 and

84-; that 1s, .we can ignore the decimal point for a moment.

Then we multiply by -GU to get the sum 1.57. This explains

the algorithm : B

"0.73° - Add 73 and 84 ; place the decimal
,0;84 © point in the sum beneath those 1in the
- 1.57 ' addends.

We attempt a "discovery" approach for multiplication by
asking the student a_sef-of'questions whicn leads to a method

-
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or.ldcat;ng the decimal point. Again we emphas'ze operations
on whole numbers; based on previously established properties.
Division of decimals has always been a difficult topic
for gtudents, especlally the slow learner. We base ouf‘intro-;
duction upon the Comparison Property presented in Chapter 8.
We then show that division can be done more readily by using
the Multiplication Property of 1. At this point the usual
algorithm 1s exhibited"as a convenlent way of dividing.

Nowhere do we "shift" decimal points. Instead we always
- make our divisor a'whole number through use of the Multiplica-
tion Property of 1. , ’ '

Some éfuden;s may have been taught the algorithms for
computing with decimals in earlier grades. If so, it is still
important to‘present the rationale forv@hese operations.

Once the rationale 1is understood,. éimé will have to be
spent to provide drill on each of the four operations. The
teacher may wish to provide more practice material than appears
in the text.

Answers to Exercises 9-2a

1. a. .8 e. 1.00332
b. 1.32 f. 23.30 ’
c.-1.45 ) g. 49.22
d. 1.101 )

2. a. 0.6 e. 0.075
b. 0.08 . ° - f. 0.375 ,
c. 0.26 g. 1.0045
d. 0.39

'3- -45 lbu

4,- 5.2 seconds

5. 185.8 miles \ :
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.14.2f inchesr o

IQ75.3}hches

3.5

- Angwers to Exercises 9-2b
a. .56 N AN
‘b, ..054 o g.. 072
¢. .0015 o h. .00063
d. 0016 - 1. 5.4
e. .0001%4 : J. .oou8
a. 2.6 | £, .133%
b. .75 g. 26751
c. .036 ' h. .38%0
a. ‘2.25 1. 205.36
e. 1.421 j. 6.223

about = 33.4 1bs.
19- oz.

15.6 1nches

$1,002.00

247.5 £t

aboqt 2.7 mi,.

Answers'gg Exerclses 9-2¢

.- L2

1 ;;g b, 2. 565

. 7= T = 100
237
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5.

a.

b.

|}
: E

y 133%;
37 100
6

<143

.. 667

.111

0.03

0,04 ©

0003
13.3
255

3.60

169.30
26.68
14.11
137.50

¥

\

e.

(These answers have been rounded

f.

1.33°
1.11

1.333
1.111

205
2.1
1.8
2.4
2.5

11.18
69.79
1.92
L4
.92

to the hundredths place.)
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(These answers have been rounded to the thousandths

~ “place.)

a. 5.118 - £. .020

© b. 113 o g. 1.453
T e, s.mT / h. 1.068
d. 61.519 | 1. 4.710
e. 53.080 _; j. '20.313

8. '1>.09A 1vs.

9. 19.5 mi./gal.
‘10, $4.52
. 11? .50 rods

12. $3.45

9-3. Repeating Decimals.

_ By this time the student already knows how to expre: s a
rational number as a decimal to any desired number of places.
He can do this by division. The first part of this section re-
views this i1dea, and also polnts out that it 1s not necessary
tO'divide when glven such fractions as %6 . f%% » é% s, etc.

In some cases 1t 1s easier to divide, such as in the cases

~ u .
‘of fractions like ~% » T » %% , etc.

IS We then introduce notation and show that every rational
- number can be written as a repeating decimal. In a starred

" section of Chapter 20 we show that the converse of this
statement 1s true, namely that every repeating decimal names a
rational number. (Furthermore we show there that those deci-
mals"which are not repeating are names for irrational numbers. )

. The very slow student can omit this section without loss of

‘continuity.
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Answers to Exercises 9-3a
(Class Discussioun)

(Answered in student text.)

Repetition begins at the seventh decimal place.
(.1%28571)

Many possible answers.

Consiier the first problem, 16 +33. The remainder 16 1s
the same as the original dfVidend. This 1 'mainder has not
yet been divided by 33. To do this division involves a
repetition of what has already been done, if the process
1s continued through an additional two partial divisions,
the remainder is again 16, If continued through another
two partial divisions, the remainder 16 again reappears.
The repetitién continues endlessly,

A similar explanation applies for the second prohlem,
92 +111. In other words, the remainders begin repeating.

Answers to Exercises 9-3b

a. 0,1T d. 0.675875
b. 0.51T ] e. 0,833

c. 0.46F o £. 0.288788
a. 0.091 4. .818

b. 0.182 e. 1.273

c. .273 . f. 2.091

a. The decimal numer:z:. for %%- f§ twice the decimal nu-
1

meral for T -

. 3 times, 9 times, 14 times, 23 times the decimal

numeral for JT.,

240
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R, Yes. 0.6353

6. Ye.

Answers to Exercises 9-3c

(Class Discussion)

1. Yes, 142857

2. Yes. ' ,
3. 0.0903 g
4, No. -

5. Yes. By a bar over the block of digits that repeats, that
is, 0.0909.

6. Yes.

7.. a, Yes.

b. Yes.
c. Yes.
L]

8. 0.027027

‘The following q;plahation .8 necessary to complete the
Class Discussion Exercises 9-3¢. It was not included in the
\student text for fear of causing the reader any possible fur-
ther confusion. .

.In {inding the dezimal representation fof L , we divide
1 by 7. Since the diyisor 1s 7 , each remainder must be
one of the set of digits O, 1, 2,3, 4, 5, 6. If the
remainder 13 O , the decimal terminates. If it is rot O,
then the remainder must repeat after at most six steps since
there are only this many possib}eﬁremainders le 6 (1,2, 3,
4, 5, 6). In the case of % ghe remainders, in order, are

3,2 ,6, 4%, 5, 1. The seventh remainder must then be ei-
ther one of these or be 0. Slnce the seventh remainder 1s

L. X 241218
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3 , the decimal reprerentation beglns to repeat at this point.
From this point on, as shown in the array in the students'
text, the entire sequence repeats and does not depend on the
preceding computations.

Answers to Exercises 9-3d

1. == = 0.075923076923

1

a. Seventh place,
b. No,

c By a bar uver the block of digits that repeats.

2. a. 0.33

b. 0.166
c. 0.1T
d. 0.3636
e. 0.4656

3. a. 0,500 £, 0,800
b. 0.200 g. 0.60
e. 0,7500 \ h. 0.313T
d. 0,600 i. 0.5%
e. 0.87500 5 J. 0.73%

242
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Y

.556

.167

600
1000

HE

1440
1000

125
1000

166%
1000

5%

.56

@D

.13

.17

@

o = —ilu (V] (s
3B BB |2B| B|EB || B
0 \O = — (4Y] 0
) K KX . )

Q

of | | o | H e |k | v | e
oln o | kv “wﬂﬂ ~0 —~ ko m&4

@ o o ol o &

243 25
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9-4, Rounding Decimal Numbers.

We begin this section by showing the reasonableness of
-founding large numbers and relating the process of rounding to
the number line. This procedure is then applied to deciraals.
We also try to point out that the agreement to round to the
larger of two numbers-when we are glven a number halfway be-
tween 1s an arbltrary one. )

Answers to Questions in Examples in Section 9-4

‘EXample 1. The point halfway between 20 and 30 1s 25.
We round 23 to 20 , vecause it is on the side of 25
which is closer to 20.

Example 2. The point halfway between 600 and 700 1is 650.
We round 677 to 700 because it is on the side of 650
whicéh 1is closer to 700.

Example 3. Answered in student text.
Example 4., Answered in student text.

Example 5. The point halfwa} between .1800 and .1000 is
,1850. We round .1839 to .1800 , because it is on the
side of .1850 whi&h is closer to .1800.

Answers to Exercises 9-4a

1. a. 300 £. 3600
b. 300 g. 4CO
c. 100 h. 1000
d. 900 1. 5300
e. 700

2. a. 6,500 £. 1kk,000
b. 3,000 g. 115,000
c. 3,000 h. 145,000
4. 15,000 1. 326,000
e. 63,000

24k
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3. a. 730,000 d. 200,000
b. 160,000 e. 570,000
. ¢. 70,000 £. 90,000

- Answers to Exercises 9-4b

1. a. the thousandths digit, 7 , is greater than 5
" b. the thousandths digit, 1 , is less than 5
‘c. the thousandths digit, 4 , is less than 5
. d. the thousandths digit, 4 , is less than &

- 2; a.  48.36 d. 6.01

b, 0.52 | e. 0.01
. 35.02 £f. 0.10
3. a. 16.4 f. 1.2
.b. 48.7 g. 3.1
.e. 108.1 h. 68.1
d. 0.1 1. 43.0

« . €. 0,1

4, a. 4,049 : d. 0.002
b. 17.107 e. 185.731
c. 0.001 ' £f. 62.912
5. a. 0.6 d. 0.8
b 0.3 e 2.1
c 0.4 f. 3.3
6. a. 0.53 d. 1.58
b. 0.67 e. 0.71
Cs 0.56 o ) f. 0.17”
245
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9-6. Chapter Review.

Answers to Exercises 9-6

1. -a. 7(10) + 9 + 3(y)

b, 4(10° 10 O(vex) + 8(—2
(10%) + 5(10) + 3 + (IU) + (Iag) |
. 6(10%) + 9(10%) + 2(10) + 8 + 3(s 1 1
c. 6 + 9(10%) + 2(10) + +(m)+5(;ag)+?('1‘c)j)
d. 5(10%) + 7(10%) + 3(10) + 9 + 2(gk) + 0(1—(1)2) + 5(-1—;3)
2. a. 552.7

b, 4,937.38
c. 8,094,106

3., a.. Fifty-four and thrze tenths
b, One hundrea sixty-nine and five hundredths

" b, a. 6.9
b, 90.06
5. a. 0.30 d. 0.22
b. 0.83 e. 2.75
c. 1.38 f. 0.67

6. a. O0.47 , 0.4k
b, 0.36, 0.35
c. 0.32, 0.28

7. a. 3.55
b. L4.661

8., a. 0.45
b. 1.129

246
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.
10.
11.
12,

Ajlq-

14,

F15.
16f

.17.‘

18.

9-T.

a, 5.18

b. 4.456

a. 0.0315

b. . 0.0056

a. 0.1897

a. ~.0.2727 .c. 0.38%615
‘b, 0.77

a‘ 400 . ’ . : C. 900

b. 1,300 d. 12,500
a. 7,000 <. 77,000
b. 485,000 d. 5,000

a. 2.5 c. 96.6

‘b, 385.1 d. 1,043.1
a. 3.27 c. 0.0«

b. 489.06 , d. 5,829.14
a. 25.095 c. U7.695
‘b. 3.126 d. 78.044
a. 0.88

b. 0.2%4

Cumulative Review.

Angwers to Exerciges 9-7

Distributive property.

AT 2% 4
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2. All are correct.

3. TXTXTXT ; 2401

4, a. True d. False
b. False e. 1rue
c. True

5. a. LRST
b. 'the vertex

c. the interior of L RST,

6. a. =
<> <> >
b. There are several; for example, AD and EG , BC and
15?, etc.
c. the empty set
d. L EFH
7. a. b f. 2.
3 18 o
b.‘ 3-5 or = g.
c. 3%— or % h 1%
. .
d. B4y 1. 8%
. e. 1%%
8. a. 2.125 d. 0.875
b. 5.25 ' e. 1.75
c. 0.9
9. $53.89
"'_‘1'0. 3031 Check: 3031 x 28 = 84,868
1. a. 3 b, 2

248
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0 -

d. :—3- or 1'3-
; 8 2 7 ,8
12, a. 13- 3 . d. 8-<-§
3N 2 6\ 11
b323 e. 7217

oo 8 _ 16

¢- ==2z7

Sample Test Questions fcr Chapter 9

Note: Teachers should construct their own tests, using care-
fully selecfed items from those given here_and from
items of thelr own. Careful attention should be given

’ to difficulty of items and time required to complete the
tests.

"l. True - False

(F). a. 502 written in expanded form is 5(10%) + 1(10) + 2.

(F)' b. % = 0.13333...
(T) e. 0.3 X 0.03 = 0.009
() 4. .2+.08 =2.5

(F) e. 3é', rounded to the nearest tenth, 1s equal to 3.2.

2. Complete the following:

a. In the decimal numeral 9384.562 the digit 9 occu-
ples the. place. (thousands)

b. Written in positional notation the numeral
7(103) + 5(10) + 3(1%20 1s . (7,050.03)

c.' The difference between the sum'of 1.05 and 0.75
and the sum of 0.5 ana 0.125 1is . (1.175)

d. The decimal numeral for the rational number %T is

(0.0909)

24%
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3.

e. The decimal numeral 437.454 rounded to the nearest
tenth is _ . LA (437.5)

'

Write each of the following in words:

a. 659.03 - b. 1,248,409
(Six hundred fifty- (One thousand two hundred
nine and three hun- forty-eight and four hun-
dredths) dred nine thousandths)

" Writc in decimal form:

a. Seventy-six and three hundredths (76.03)

b.. Five hundred two and forty-elght thousandths
(502.048)

Perform the operations indicated:
a. 3.05 + 2.48 (5.53)
b. 6.015 - 3.999 (2.016)

When the Clark family started on a trip, the speedometer
on their car registered 15,467.8 miles. At the end of
the first day of driving it registered 15,802.1 miles.
At the end of the second day of driving it registered
16,189.4 miles. How many miles did the Clark family
travel on the first day? on the second day? (334.3

miles, 387.3 miles)

Mr. Brown knows that, on the average, he drives 18.7
miles on each gallon of gas. He has 7.5 gallons left in
his tank. How far can he drive on this quantity of gaso-
line? ' (140.25 miles)

|

An airliner used 1 gallon of gasoline for each 1.8

miles of flight. How many gallons of gasoline will the

airliner.use in a flight of 837 miles? (45 gallons)

Perform the indicated operations:

250

2%

-~



10,

11.

12.

13.

1y,

a. ,0658 x 375 (24.675)
b. 21 +.024 (875)

Find a decimal numeral for each of the following:

a. g (2.5 b. g (1.125) c. & (0.85)

Find a decimal numeral for each of the following. Round
the result to two decimal places.

a. 1% (0.69) b. 137 (0.18) c. ; (1.29)

Write decimal numerals for each of the following. Use a
horizontal bar to indicate the block of digits that re-
peats.

a. 15 (0.915)

b. % (0.2083)
10

c. iT (0.90§U)

d. % (0.8571%2)

Which of the following represents the largest number?

(A) .276 (D) .206

(B) .076 (E) .267

(c) .006 _(A)
3

Which of the following expresses 1T 2as a repeating deci-
mal?

(a) .27 | (D) .2727

(B) .2727 (E) .077

(c) .o027 _ __(B)
25%3':@



15. Consider the following exerclse:

0.73 + 0.84

(73 x &) + (8% X 155)

1
(73 + 84) X 155

157 X =5
= 1.57
What property has been used to add these two numbers?
(A) Commutative property for addition
(B) Commutative property for multiplication
i (c) Associative property for addition
(D) Associlative property for multiplication
(E) Distributive property (E)

—
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Chapter 10
RATIO AND PERCENT

The purpose of Sections 1 and 2 1s to give a meaning-

" ful introduction to ratio and proportion. The most important

concept of this chapter 1s proportion. A proportion arises
when two quantities are comparqd'by measurement in different
situations. When a physical or mathematical law can be written
as a proportion, then this law can be used to deduce new infor-
mation from old. Thus, in the example of Section 10-2 » shad-
ow length is proportional toc height. When we know the constant
ratio and the shadow length, the height can be computed.

The use of the notation a:b should not be encouraged but

‘the teacher may point out that the nctation a:b means a=—-b 3

and %- means a-b,

The text explains carefully that a ratio 1s a ermparison
of two numbers. However, we abbreviate frequenfly. For exam-
ple:

"The ratio of the length to the width of a rectangle”
really means "the ratio of the number of units in the length
to the number cf units in the width."

"The ratio of John's helght to Mary's height" really means
"the ratio of the number of inches (or feet) in John's height
to the number of inches (or feet) in Mary's helght."

Similarly, we may speak of the ratio of 2 1inches to 5
“%nches, 2 , whereas we really mean the ratio of the number of
inches in 2 1inches to the number of inches in 5 inches.

The question of units is not developed in detail in this
text, and probably should not be done at this grade level.
Normally, the context of the problem will indicate the manner

in which units are to be compared.
Let us consider the illustration given in the text con-

cerning the map drawn so that "1 inech = 200 miles". Actually

this is an incorrect use of the "=" sign and is a sort of math-
ematical slang. As pointed out in the student text, it really

means that one inch on the map reEresents 200 miles op the
ground. Here we find the ratio ?%U is more convenient than

1 . , 1 .. .
’I§:575755§" .But when we use the ratio 5T YC must be
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careful to state that we are talking about the number of inches
on the map to the number of miles on the ground.

Letts . set up a proportion to find the distance between two
towns which are 3 1nches apart on the map. Let Xx = the
ngmber’of.miles apart these towns actually.are on the ground.

Then: .
| A3 ( 1l inch 3 inches)
00 ~ x 200 miles = x miles

Note that we have set up two equal ratios, each one com-
paring inches with mlles. OQur answer, . x = 600, will be in
" terms of number of miles. We could have obtalncd the same re-
sult by means of the followlng proportion:

1l _ 200 ( 1l inch _ 200 miles )
T oXx 3 inches T "x miles

One needs to be cautlous, however, in setting up the pro-
portion. Note that the numerators teil us that "1 ach =
200 miles", whereas the denominators state "3 inches = x miles".
Now 1f we use the ratlo 1 we may let d = the
12,672, 000
number of 1nches apart the fiwo towns actually .are on the ground:
1 3 1 inch 3 inches)

12,572,000 X (12,672,000 Inches = x inches

‘ Our answer, X = 3%,016,000 > will be 1n terms of inches..
The two answers (500 miles and 38,016,000 inches) ire equiv-

alent. The units we use in our proportion depend upcn the an-

swer we wish to obtain. Thus, in Chapter 21 , ¢ zroportion

1s used to convert 5 1inches to centimeters as follows:

1l 5 ( 1 inch ~ 5 inches )
2.5% X 2.54 centimeters X centlmeters

(1 inch is approximately equal to, X , 2.54 centimeters)

We could also have used the propovrtion:

1. 2.54 ( linch . 2.54 centimeters)
5 X 5 inches X centlimeters

When we write a ratio we compare two numbers. In setting

-

up a proportion we need to be cautious about the manner in
which units are compared. '

Answers fo Exercises 10-1la

(Class Discussion)

1. a. % b. % o c. &
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2. a. g c. %
b. g d.mg-
3. a. 75 miles b. 2% inches
Answers _t:,g Exercrses 10-1b
L k8 _3
T BT T
-3 _
2. g.g_l._
4. g
5. 3%=3-3
6. 2\/# ’ % = % v 2
2 1
. B=7%
€ s 3
8. g-=% ,_
10 1
9. go =18
10, a, % c.
o g d %:2
11. a. 5% #
b. 85 miles
iz, 24" loag, 16" wide
13. a. g%ﬁ b. 3600 miles
255
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Cs g- in. or 2% in.

14, a. 520 miles per hrour

) 2600
b,. g~ or 520

15, 40 miles ;per hour

Answers to Exercises 10-1c

1. \Depends on height of individual. Length of shadow is
& x height,

"20 -
ObJject Shadow Length Height Ratio
‘| Garage . 3 ft. 8 ft. .g
" Clothes 36 1in. 96 1in. g
pole
Tree . A7% ft. 20 ft. g
Flagpole 54 1in., 144 4n. g
Fence 11% in. 30 1in. .g
2 75 _ 1
b 48 6 a 65 T,
* 0T 5§ 700 T 20
b
5 %5
2k
6 m
40
T oW

258 N
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10-2. Proportion. .

Proportion is a new concept. Essentially 1t has its ori-

"gin in physical examples. If four quantities are proportional,
then any two rat;és of corrcsponding values of these quantities
are équal, since each ratio-is equal to the ' -
portionality." The expression, "constant of proportionality,”

i8 not used in the student *text. We simply say that the ratios

'constant of pro-

ai'e equal. ~

The Comparison Property /[from Chapter 8 1is necessary in
the solutions of the problems: It may be wise to review its
meaning and application. ‘

Good mathematics involves good'organiéation of written
work. ,Encourage the students to follow the form demonstrated
in the examples. with the successive steps written in vertical
arrangement and the equal signs in a straight column. 1It. is
not necessary to write the reasons 1in every case. Knowing them
18 necessary. Since percent prcblems may often be written as
proportions, care in solving proportions in this section will

make. the solution of percent problems easier in the later sec= .-

tions.
Answers to Exercises 10-2°
l. a. f%
. 36 _3
* 9% " 8
11
Ce. jo-
‘ ‘ 9 3
2. a. 9 1lbs. » c. =T or g N
1 5
b. 2-% Ol 8“ d. li or _i
9 . 3
' 5 _.25
37 15 1bs. since T =15
Note: In Problems 4 and -5 the teacher should insist on the

form of solution demonstrated in the text.
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10.

11.

12.

b. n = 24

c. n =30

a, s =15

b. s = 42

e, s = 56

It will be 123 inches long. The ratio of the width to
~the lengtn will be unchanged. The proportion is % = ig .

The rate is 'the ratio of money to time. The proportion is

7ﬂ? é% = 202.50. -

a., 3 cups butter 4% cups flour
2 cups sugar 3 tsp. vanilla
6 eggs

b. The ratio is % .
1% cups butter 2% cups flour
1 cup sugar 13 tsp. vanilla
3 eggs .

The ratio of the number of doughnuts to the number of

cents they cost will be unchanged. The proportion is
12 _ 20 c = L2
;=T = .

The ratio compares the number of candy bars with the num-
ber ol cents they cost. f%‘= %g-. x = 100 , cost $1.

The ratio is the number of dollars to the number of bricks,

I%SU = Eé%U . ¢ =35, cost $35.

b. v = 13 d. v = 85%

C. W = 35 e II; W = 1162
) 3
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-13. a , c ; d , e, are equal

14, We compare the number of pint:s of pigment with the number
of gallors of paint. '

2 _ X _ : _ a1
Mr. Jones will need 1% pints of pigment.
% ‘ DE
150 =Y E%: g . b. _5§= ,Z6‘_
"EF = 3 inches DE = 74 inches

{No extended treatment of similar triangles seems to f
be appropriate at this time.)

10-3. Percent--A Special Kind of Ratio. .

.

The meaning of percent is based on the idea that "c" %

means AT%U =c X T%U . A1l threev"kinds" of percent problems
- are introduced informally with numbers that are easily handled.
You will notice that the three "cases" of percent are riot re-
. ferred t. in this textbook. Instead, all problems are set up
‘in the form of the proportion % ='T§U . The method of solu-
tions of proportions should be that of Section . 10-2 which
uses the Comparison Property and deflnition of rational num-
bers. '

‘ Exercises 10-3a emphasize writing percents first as

- fractions with 100 as theudenominator, and then with the %
'symbol. Ancther point of emphasis is that 1004 stands for
the number one or the whole of a quantity. ’

Answers to Ixercises 10-3a

(Class Discﬁssion)
' 1
NN DI T T I AN

2, 0.17 , 0.5, 0.65, 0,1, 0,08, 1, 1.5, 2
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- Mnswers to Exercises 10-3b

1. a. IIU . - r. 35%
b. 10% g. 30%
1 3 1 © h. 5%
C. '5‘: 2%‘: TO'J'E'O‘
: 1. 100 %
d. 1 .
e, 20%
0
2. a, =-- d. i%g s, 70 X T%U , T0%
b. .40 % ‘ 1
160 X v , 160 % A T 13
C. R .
160 £. %8-,240x1%-0-,24075
3. a. -- d. 0.90, 90 x 0.01 , 90 %
b. 400 % e. 8.00 , 800 x 0.01 , 800 %
c. 28 x0.01, 78% £, 1.20, 120 x 0.01 , 120 %
4, a, Pencil %%- or f%% 24 %
Ice Cream %8 or f%% 20 %
S. Sch. Coll. %g or 3% 30 %
Savings %% or f%% 26 %
50 _ 4
b. Z5=1
c. 100 %

d. The ratios total 1 , and the percents tutal 100 %.

5. a. f% or 60 %
b. 40 %
c. 100 %
6. a. All wool
b. Everyone has attended

¢c. Everyone in favor of a picnic
260
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The second lesson in 10-3 emphasizes the use of percent

1! for purposes of comparison, and for giving information in more

‘usable form. More 1s done with this in Section 10-5. Exer-
cises 10-3a and 10-3b ‘should be done in one day.

< :

) o Answers to Exercises 10-3c
1., a. 60%°

bo 40%
e, 100 %
2. a. 50%

b. Decrease

3. a. 65%
b.. Higher than the other two.

Tne third lesson in 10;3 i3 based on the 1dea that the
study of percent 1s valuable 1if the pupll can use the concept
to solve problems from everyday experience, and can undefstandA
and interpret data expressed in percent. Pupils are given all
three cases of percent in the camp story. The solutions all
follow the pattern ¢ = 75y - In class discussion the estima-
tion of a reasonable answer helps the pupil to understand the
relationships among a , b and c¢ 1n various situations, and
also serves as a check on a2n answer. )

The Comparison Property from Chapter 8 1s used frequent ~
1y in the solution of problems in this section. The Comparison
Property 1is: T B .

Ifr §=5 an” b£0,d#0, then a-d=Db - c.

In Exercises 10-3d the importance of estimating and ask-
1hg 1f an answer 1s sensible and reasonable should be empha-
sized." Question 1(e) 'picks an incorrect ansﬁer simply to
focus attention dbon how abshrd some answers may be. Pupils
.should avoid falling into the hablt of being satisfied with any
. result they produce. Each answer must be closely examiized in
the 1light of the problem.

| L 26@”8
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Answers to Exercises 10-3d
(class Discussion)

8 o
1. a. 1op is the fraction for 8 %

“b. g;U is the ratio of the number of pupils, n , who
‘fail to use their passes to the total number of pupils
who buy passes.

c. The ratios in (a) “and (b) are the same because the
' problem states that 8 % of the pupils were pupils
who failed to use their passes.

d. 20 pupils

_e. No. Tg'd or 8% 1s less than 10% and 10% of
250 is 25. This is much less than 200. (Note:
Accept any logical response.)

2. a. %%8:%
b. x%
c. 25
@. % TUU or %%8 T%U
. X = 40

f. 40 % Yes (Accept any logical reason.)

‘Answers to Exercises 10-3e

T~

j. a. 30 pupils c. 6 pupils
b. g%% = I%U , 5 % d. 60 pupils

2. 5% =100 > 6 F

o B
b. 75 % '

L 3 1
b.a o= 10
1
o =

I%U , 10%
262
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5. Iéﬁ = %g i =550
6. a. f%% = 0 =375 e. Ty = mag D = 59.5
b. T%G = 1? n =25 £. IgU = é% n =5
c. =132 n = 200 &  _£_6=£_ n = 120
d.. %%g = l%g T = 30

CT. -$72.

10-4. Ratio as 2 Percent, a Decimal, E_Fractibn.

In this section, the work on fractional and decimal equiv-
alents for percent emphasizes that the equivalents are differ-
. ent names for the same number. The bar over the 5, as 1in
0.55 , indicates tHat this is a repeating decimal. The sign =
for "approximately equal" should be used whenever the limita-
tions of notation require it. Students should not write that
% equals 16.7 4 since the two ratlios are not the same.
Rather %.:: 16.7 %. We wish here . emphasize these equivalent

forms, such as:

2% = g = 0.32
‘ (Percent) (Fraction) (Decimal)
\

A}

Answers to Exerciseé 10-4a

(Class Discussion)

‘1. 0.17 , 0.02 , 0.035, 0.65 , 1.15

5 1 1 1 13 11 o
- T2 10° 32020 I0°

3- 45%’L{._5%"450%’42_5%’425%

Answers to Evercises 10-4b

75 ' 70 _ :
1. e ‘IU-O- = 75 % ‘C. E‘G = 70 0
80 75 _
b. a5 = B0 % ' d. {55 =76 %
; - 263
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e. ‘Po%-= 55% g. %= 85%
36 ' 60
‘fo m’: 36% h. m—: 60%
2. a. .33 e. .55
b. .83 ' r. .88
c. .38 : g. .68
d. .78 h., .45
3. a. 33% e. 55%
b. 8335* £f. 33%
c. 33¢% : 5. 8%
d. 73% h., 45%
4. a. .375 e. .833
b. .667 ’ f. 362
c. .88y g. 257
d. .967 h. .838
5. a. 37.5¢% e. 83.3%
b. 66.7% f. 39.2%
c. 88.9% _ . g. 25.7%
d. 96.7% h. 83.8%

You must round the decimal to thcusandths.

204

Q!




.. page 3Tk: 10-4

I ~ARSwers E_o_ Exercises 10-kc

1. Fraction in Hundred as Decimal Percent
Simplzst Form | Denominator
a.
2
b. % .25 25
3 :
c. T 75} 5%
1 20
a. z o0 20 %_
2 40
e. B- mo- .40
3 )
iy 5 .60 60%
g 8 .80 80%
1 1
100 or 33.3%
2. 2
; 2 o6 =
, 100 lor 66.7 %
- ' - 30
ke [ 1 55 .30 30 %
. 1 10 . :
1. T 106 10 %
I : 0
. T 100 90
1
n. 125 .125 12.5 %
100 ( or 12%— %
o. %or 3 3 or 3.00 300 %
1
0. 3 375 37.5 %
T00 or 37 %

2257/ 2
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/

Fraction in Hundred a.  Decimal | Percent
Simplest Form | Denominator '
a. 3 150 1.5
_ T62.5 4
r. g’ -625 cr 62% %
1 1
| s 00 o0 LA
1 87.5 %
87 ,
t 2 875 or 87% %
u _ 1 ' 100 1 or
. 160 1.00
2
v, (1)- .166 16'3" %
or 16.7/%
1 .
T00 or 33/3 %
\ | 7
-/
5 o
4 L1 132 1. 3 2 1/4_.5__7_
. 8- 5 4 3 85 2 >3 4/ 56 8 .
0 12§% | 25% 337 .\ 50%  60% 75% l gri% '00%
20% 40% 665% 833 %
]
3757 80%

5 B = 4 | 20 %

266
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" 10%

170'
4. a. 'é% 4c. 1% or % ,
e
b- 13
5. a. 52 % ’ c. 95 %
b, 35 % d. 30 %

10~5. Applicatlons of Percent.

Specific applications of- percent are introduced so that
pupils may use their new skills with percent a..d4 prop-:-tion.
Problems which arise in sociul situations dealing with budgets,
commission, discount, sports records, increase, decrease, and
simgple interest are sampled. Students should realize that eve-
ry percent problem falls into the same pattern. Two ratios

, a c
are equal, as in 5 = 100 -

% 4
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The examples in the text are designed for class dlscus-
sion. In some cases i1t may be helpful to devise additional
problems for more class discussion before the students are
ready to proceed on the'r own.

There are certain terms used in business which the pupils
will need to wnderstand. These should be discusrfed in class.
Diagrams muy be used to helr clarify relationships.

(‘The sets of exercises are long enough to provide examples
. for-class discussion and for written assignments.

" Practional peréents are developed and students are givan
experience in expressing ratios to the nearest tenth of a per-
cent. If this 1s too difficult for some classes, the teacher
may wilsh te omit the prubiems 1n which 1t arises.

Many students ani teachers would prefer to do the example
32% o? ‘$410 using decluale It 1s possible to think of
32% of 410 as 0.32 x 4lu omace in "a fraction of a num-
ber" the "of" means times. However, the ratio method is useful
in every type of percent problem, and we believe that the stu-
der+ will be less confused 1f the teache:r uses the same ap-

preaech for all problems.

Answers to Exerclses 10-5a

1. The votal income 1s distributed, so the sum of the vercents

must be 100% In each case.

2. 229
2
5. 2. o5 a. r§5=rgov f =099
b : f / e. The actual answer is 2
450 little more than the esti-

¢. Estvimate about $9O mate which we knew was

low.

s8R



page 377-381: 10-5

L or 550 13 110

5

The answer to b. Ls between the two.

5. 1oy = e p = 30

6. 14 = 3%6 £ = 04,50

7. I%%‘ I'EU h o= 126

% - wo s -5

3, %,?—95. - i x ¥ 26% This s less than 22% , the al-

lowance 1in the table for an income
of $550.

*_ [ 2 .
10.%'1'71—56 m = 330

Answers to ixercisas 10-5b

@]

1. a. {% oo g c. %% = f%ﬁ n = 20
P R L
N N
. 1% =
2. a. Pg=1hy £ = 754 . Ip - Thy P 45
33
b. %_gzigﬁ p:’)O% . WZI‘S'G p=‘3%
I t . —
3. & 185 = 17.50 2= .70
b- T%C._-: T@L?G o= l.??
. c _ c = 1,378
© 77,500 T I00 R
5. 2900 T%‘o’ s = 180,000
N = o
6' .3%—@_2 : C = mv Cc = 30%
“j"‘l

A
20
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1 _
T00 © s

8. a. fgs = 5%%8

Discount d = 1.61
$5.98 - $1.61 = $9.37

c = 11,400 Yes, adequace.

-~3
.
+]0
P
-

@
5]

b - 375

d 1.01

3 $2.74

9. a. 1117 total enrollment

380 p ~
b. T::-_T_:.’l-gv p~34.0%
1]
385 - ~ Al ’
c. 177 = 1 p R 34.5%
352 _ ~
d. ITIT—TBU p'\«31-5%
e. 100%
10. \2? - ISU t = 2400
\
Answers to Exercises 10-5¢
1. George %% X202 X 29.2 %
Max %% X314 % 31.4 %
21'\4 N [0 TN
111 CE X 23,8
B1 =5 283 * 23.8 %
Tom 2l _ 350 = 35.0 %  best average
‘6-0-.-.) = DD . - hadh s E)
.6 -
2. 5 = 10 P =37
3. 2330 . 180 c = 15,000

A
-1




page 384-387: 10-5

Ancoers to Exerclses 10-9d

1, a, IBU = %%% PN 11.4%
b. 1hy = f?% pX21.0%
c. hy = f;% p N 36.9%
a. B - f;% pY22.7%
e. 8- 5 px8.0% (.0795)
f. 100 % Yes
2. %% = Tgﬁ p = 20 % 1rcrease
3. %é% =1 p = 10 % decrease
b, Tg%U = f%% I = 3101 enrollment

1240 + 310 = 1550

32.1 % decrease

i
::*o

4350 1
6. a., Tgb'r--‘;?—‘m D = .5‘,‘:’; or -2—%
5 c oy -
. {8 = 357,500 © 7 4»@37.50
2. 2 S .ol
7. o517 p=4.3% or 3%
8. Answers will vary.
25 _
9. a. First player: 7% = .301 or 30.1 %
73
Second player: f%% = ,204 or 2G4
©, The first player.
222 A e g s e
10, ‘1-86 = 7?,')-0- | SRV 1)% !nc-f‘.ao\.'
11. IgU = T%%% o~ 14,3 % lncreas-

272 2




page 387-390: 10-5

12. ISU = é%% p X 5.6% decrease

13, a. 15 1bs., 2 oz.

b, Since 7 1bs. 9 o0z, = 121 oz,
increase 17 1bs, - 7 1lbs. 9 oz. = 151 oz.

N
14, s = f%%% px 3%

15, (b) is”bqrrect. The 1960 wages are less than the 1958
wages, Stgdents may understand this result better if they
‘see what happens to a particular amount like ‘$100. If
$100 1s decreased by 20 % , 1t 1s $80. $80 increased
by 20 % 1s only $96. :

e?

125 % 1increase

Answers to Exercises 10-5e

T

I 4
R t:e Rl e B

2. TéU = f;gU | r=26 %_ o o e

. I 3. _
3. o = Tﬁ% T = 31.50
42,5 -
4, p"“Ig'G p = 350
I 4

6. $105
7. 3% %
8. 340

9‘ $350 + $l‘; = $_’3r):‘§




page 391-394: 10-5,10-7

#10. $364 + $14.56 = $378.56

10-7. Chapter Review.

Answers to Exercises 10-7

22 11

1. a. 3% = 17
b. g% - g
2. a. Equal c. Equal
b. Not equal d. Equal
3. a. c¢ = 30 c. ¢ =15
b, ¢ = 57 d. ¢ = %;;
4:ﬁj2% inches high E%E = %
ASirﬂiﬁé inches, 12 inches
6. a. 2 % c. 66% %
b. 5.5 % d. 124 % or
7. 20%
8. $2700
9. About 1415 students
10. $930
il. $3.40
12. 100 % increase
13. If §=5% (b, d#0), then & - d=b

273 ,

7

n
R



page 394-395: 10-7,10-8

If éfi = §'5' ,» then 15 . 36 = 27 + 20
540 = 540
14, Rm. 106 .813 or' 31.3 %
Rm. 107 .833 or B33.3 %

Rm., 107 had the better score.

15. $31 50

10-8. Cumulative Review.

Answers to Exercises lg;@

1. a. True
b. True

c. True
2. Base Four

3. a. 3Ry c. 10001,

b. dleight

310

5. a. Elght 1s less than twelve.
b. Thirty-four i1s greater than thirty-two,
c. Flve is preicer than three and three 1s preater tha

two,

7. a., Irfiritely many
b. On.
c

>, One

Pl

D
y




page 395-396: 10-8

8. a. The interior of /AEC

10. a. 8.204

b. 2.287
1. a. 80 % c. B3z %

b, 2.6 % d. 37% %
12. No. T2%> 67.6

. 1

13. a. «+ f. z

b. 11 g. 12

1 . —

C. 1 h. 6

d. O 1. 60

e. l?g y] 100
14, a. .007% CCc. Wh2

b, .001%4 d. .130&
15. a. .104 c. 121

b h7 d. 1.%2

Sample Test wuestions for Chapter 10

tote: Teachers should construct thelr own tes'ts,' uslini, care-
faily selected ltems from those civen here and from ltems of
thelr own. Careful avtention shoull te [fven to dIfficulty orf
1tems and time rogulired to complete tne tests. '



True-False

(T)
(T)

(F)

(T)

(®)

£

1. é% is another name for the number 32 %.

2. An iIncrease in the price cf an item from $20 to $28
1s an increase of 40%.

3. If a class has a total of 32 pupils, 20 of them
boys, the number of boys is 60 % of the number of
puplls in the class.

4, Five percent of $150 1is the same amount of money as
7.5% of $100.

IS

5. 62.54% -and 2 are names for two different numbers,
8

Multiple Choice

1.

Six percent of $350 1s

a. $210.00 d. $2100.
E. $21.00 e. None of these
c. $2.10 b,

Ir 8% of the number 5400 1s computed, the correct an-
swer 1s -

«. More than 30 but less than 90

b. More than 3 but less than 5

c. More than 54 but less than 540

d. More than 540 but less than 1000

e. None of these . C.

Ir %% of $320.00 1is computed, the answer is

a. $16 d. $1.60
b. $160 e. None of these
c. $3.20 ' , d.

In a eclass of 42 pupils there are 25 boys. The number
of boys "3 what percent (nearest whole percent) of the num-

ber of puplls?

a., 60% d. 61 %
b, 59 ¢ e, MNone of trese
c. 53¢ _ ‘ 2.

\
«
L

_f\)
&



10.

In the class of 42 pupils there are i7 glirls. The
number of giris 1s what percent (rounded to the nearest
tenth of a percent) of the number of pupils?

a. 40.4% d. 40.7¢%
b. 40.6% 2. None of these
c. 39.9% . e.
The interest on $650 for one year at 4% 1is
a. $2600 d. $16.25
b. $1625 e. None of these
c. $26 - C.
Another numeral for .05 1s:
a. éb% d. 5 %
b. 14 e. 50 %
5
c. 5% o 4.
Which of the followinglis another name for g% ?
a. 0.0096% d. 96%
b. 0.096 % e. 99%
c. 24% d.

A team won 3  zames out of 5 played. Which of the fol-
lowing proportions should be used to find the percent of

games won?

100 _ 2 ' n_ _5
2. 3% d- o =3
n_ 3 - 3 _ . n
P 5= 100 & £ =100
n
c. 3= 180 _ g

A budget used by .the Smith family recommended that 27 ¢&

of the take-home pay be set aside for food. The take-home
pay for the Smiths was $350 per month. How much should
be set aside for fodd each month?

a. $94.50 . b. $255.50

/
V]
=
—~]

AY)
:‘ \‘1
1



c. $9.45 . e. C(unnot be determined from
d. $25.55 the information given.

a.

11. ¥ive members of a small group vote against a certain is-
sue; one votes in favor of it. The ratio of the number
of votes agalnst the issue to the rumber in favor of it

N is:
1 6
2. g d. T
— b. 5 6
5 e. 5
C. 6 b.

12. A class consists of 20 girls and 16 boys. What part
of the class 1s composed of boys?

a. % d. %
b. 8 e. %

Addi<ional Problems

1. Wnat commission does a real estate agent recelve for sell-
ing a house for $15,400 if his rate of commission is

5 4 $770
2. The sale price on a dress was $22.80 and the marked
price showing on the price tag was $30.00. What was the

rate of‘discount? oy

3. An incrzase in rent of 5 % of the present rent wili add
$3.50 to the monthly rent that Mr. JFohnson will pay.
What {s the monthly rent that Mr. Johnson now pays?

_$70

4. A famiiy budget zllows 30% of the family income for

food. If th~ monthly income of the family is $423 , what

amount of money is allowed for food for the month?

126.90

5. Dorothy was 5 “eet tall (to the nearest inch) whenr

school opened in 3September. 1In June her height was

278

277
N 4




5 feet 3 1inchea. What 1s the percent of increase in

her height?
D&

6. At a certain time of che day a man & feet tall :asts a
shadow 8 feet lcig., At the same time a tree casts a
shadow of 40 fee:, How i1all 1s the tree?

30 feet

7. What number n will make the following statement true:

.

‘n_ 12 , ,
0 ° I8 ° :

3. What percent is f% ? (Express your answer to the nearest
tenth of a percent.) PN

e

9. Joyce weighs 90 pounds and Barbara welghs 80 pounds.
What 1is the ratio of Joyce's welght to Barbara's welght?

g

10. A sofa marked $200 1s sold at a 30 perceat discount.
What 1s the sale price? §1QO
13. F.nd the interest on $350 for one year at 6 %®.
’ T_$51
12. Mr. Jones earns as, commission 15 % of his sales. His
commission in May was $375. What was the amount of his

sazles 1n May? : ‘§2500

Eaf)ﬁ
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